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We review results from lattice QCD calculations on the thermodynamics of strong-
interaction matter with emphasis on input these calculations can provide to the
exploration of the phase diagram and properties of hot and dense matter created
in heavy ion experiments. This review is organized as follows:
1) Introduction
2) QCD thermodynamics on the lattice
3) QCD phase diagram at high temperature
4) Bulk thermodynamics
5) Fluctuations of conserved charges
6) Transport properties
7) Open heavy flavors and heavy quarkonia
8) QCD in external magnetic fields
9) Summary
1. Introduction
It has long been recognized that under extreme conditions of high temperature or
densities matter interacting through the strong force – strong-interaction matter
– cannot exist in the form of nuclear matter formed from hadrons. The copious
production of new resonances1 and the intrinsic size of the nucleons put a natural
1
ar
X
iv
:1
50
4.
05
27
4v
1 
 [h
ep
-la
t] 
 21
 A
pr
 20
15
2 H.-T. Ding, F. Karsch and S. Mukherjee
limit on the range of validity of hadron physics.2,3 In the context of thermodynam-
ics of strong-interaction matter this found its expression in the formulation of the
hadron resonance gas model1,4 which led to the postulate of a limiting temperature
– Hagedorn temperature – for the thermodynamics of ordinary nuclear matter.
With the formulation of Quantum Chromodynamics (QCD)5,6 as the funda-
mental theory of strong interactions it has soon been realized that matter formed
from strongly interacting particles may be converted into a new form of matter7,8
–the quark-gluon plasma9 – in which the dominant degrees of freedom are the con-
stituents of hadrons, i.e. quarks and gluons. At low temperatures and densities
they are confined in hadrons. However, at high temperature and densities they can
move “freely” over macroscopic distances in bulk strong-interaction matter.
It has been speculated that the transition from confined to deconfined matter,
like in condensed matter systems, goes along10 with the restoration of global sym-
metries of the underlying microscopic theory describing the interaction among con-
stituents of strong-interaction matter, i.e. QCD. The analysis of these symmetries
led to the phenomenology of a complex phase structure of strong-interaction mat-
ter, leading to homogeneous and inhomogeneous as well as color-superconducting
phases. This bears many analogies to phase structures known in condensed matter
Fig. 1. QCD phase diagram in the temperature (T ) and baryon chemical potential (µB) plane.
At vanishing µB lattice QCD calculations show that the transition is not a phase transition but a
continuous crossover, reflecting pseudo-critical behavior in the vicinity of the true chiral transition.
At µB > 0 a second order critical end point (CEP) may exist, which would be followed by a line
of first order transitions at larger values of µB . Constraints on the location of a CEP will come
from lattice QCD calculations.
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systems.11,12 Only little of this complex structure is verified through first principle
lattice QCD calculations. In Fig. 1 we show a sketch of the QCD phase diagram that
only highlights those aspects that we believe can be addressed at present through
lattice QCD calculations. We will discuss the phase diagram in detail in Section 3.
Phase transitions as well as properties of matter close to such transitions arise
from complex long range interactions in multi-particle systems on multiple length
scales and at the same time often develop simple universal behavior. Their anal-
ysis requires non-perturbative techniques. With the formulation of lattice QCD,
i.e. the introduction of a discrete space-time lattice as regulator for quantum field
theories like QCD13 a framework for new non-perturbative approaches to the study
of strong-interaction matter had been established. It became possible to perform
first-principle numerical calculations – lattice QCD simulations14 – by which a sys-
tematic study of the phase structure and basic bulk properties of strong-interaction
matter15–17 could be performed for the first time. We will give a brief introduction
to lattice QCD in Section 2. Today these calculations are highly advanced and con-
tinuum extrapolated results for the QCD transition temperature and the equation
of state exist at vanishing net baryon number density. We will review these results
and report on the status of the lattice QCD program that aims at an extension of
these calculations to non-zero net baryon number density or equivalently non-zero
baryon chemical potential in Section 4.
Properties of strong-interaction matter are studied intensively in large exper-
imental programs at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven
National Laboratory (BNL), USA, and the Large Hadron Collider (LHC) as well
as the Super Proton Synchrotron (SPS) at the European Research Center (CERN).
Experiments at these accelerators are devoted to the exploration of the properties of
hot and dense matter created in collisions of ultra-relativistic heavy ions. Through
the variation of beam energies at RHIC, i.e. the beam energy scan (BES), it also
became possible to explore systematically the phase structure of strong-interaction
matter at non-zero net baryon number density. This allows to search systematically
for the chiral critical point or critical end point (CEP) in the QCD phase diagram.
The CEP is a postulated second order phase transition point which is expected to
mark the endpoint of a line of first order phase transitions that separates the low
temperature, low density hadronic phase from a low temperature, large baryon num-
ber quark-gluon plasma phase (also the existence of this first order line at present
is not confirmed through lattice QCD calculations). The existence of a CEP in
the QCD phase diagram is imprinted in the properties of fluctuations of conserved
charges, e.g. net baryon number, electric charge or strangeness fluctuations. These
conserved charge fluctuations can be calculated in lattice QCD at vanishing baryon
chemical potential and the calculations can be extended to non-zero values of the
chemical potential using Taylor expansions of thermodynamic observables. They
can directly be compared to experimental measurements of conserved charge fluc-
tuations performed at the LHC and the BES at RHIC and may provide insight into
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the existence and location of a CEP in the QCD phase diagram. We will report in
Section 5 on the status of lattice QCD calculations of conserved charge fluctuations
and their usage to analyze freeze-out conditions in heavy ion experiments.
Heavy ion experiments at RHIC provided striking evidence for the highly cor-
related, non-perturbative structure of strong-interaction matter in the high tem-
perature phase. In particular, the observation of strong elliptic flow and very ef-
ficient energy loss of high momentum quarks traversing through the medium (jet
quenching) paved the way for a picture of a strongly interacting medium that has
been called an ‘almost perfect liquid’. These measurements suggest that strong-
interaction matter at temperatures close to but above the transition temperature
has quite unique transport properties, (i) a small shear viscosity to entropy ratio
that may be close to the conformal limit value η/s = 1/4pi calculated in conformal
field theories (AdS/CFT limit), (ii) a large bulk viscosity that may diverge in the
massless QCD limit at the chiral phase transition temperature, (iii) small electrical
conductivity and diffusion coefficients. These transport properties can systemati-
cally be analyzed in lattice QCD, although this requires the reconstruction of con-
tinuous spectral functions from a finite set of observables, which is in general an
ill-posed problem. The calculation of transport properties in lattice QCD will pro-
vide crucial input to the modeling of the hydrodynamic expansion of hot and dense
matter formed in heavy ion collisions. Spectral functions also carry information on
in-medium modifications of hadrons. The dissociation of heavy quark bound states
has long been advocated as one of the striking signatures for the formation of a
deconfined color screened medium18 while the melting of light quark bound states
is intimately related with the restoration of chiral symmetry.19 We will report on
the status of calculations of transport coefficients and in-medium hadron properties
in Sections 6 and 7.
Finally, in Section 8 we will briefly review a relatively new but very exciting field
of QCD thermodynamics that addresses the behavior of strong-interaction matter in
strong external magnetic fields. Strong, static magnetic fields will certainly influence
the thermodynamics and lead to modifications of the transition temperature as well
as the equation of state. Strong fields are generated in the early phase of heavy ion
collisions20,21 but weaken rapidly during the subsequent expansion phase. While
lattice QCD calculations will allow to understand basic effects that occur in matter
exposed to strong fields it is at present not clear to what extent equilibrium lattice
QCD calculations can contribute to a quantitative analysis of experimental data.
2. QCD thermodynamics on the lattice
2.1. Path integral formulation of QCD thermodynamics
The equilibrium thermodynamics of elementary particles interacting only through
the strong force is controlled by the QCD partition function which can be expressed
in terms of a Euclidean path integral. The grand canonical partition function,
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Z(T, V, ~µ), is given as an integral over the fundamental quark (ψ¯, ψ) and gluon
(Aν) fields. In addition to its dependence on volume (V ), temperature (T ) and a
set of Nf chemical potentials, ~µ ≡ (µu, µd, µs, ...) the partition function implicitly
depends on the masses, ~m ≡ (mu,md,ms, ...), of the Nf different quark flavors. In
this review we will most of the time discuss the thermodynamics of QCD with 2
light quarks (u, d) which are assumed to have degenerate masses, mu = md, and a
heavier strange quark (s), with mass ms. This often is referred to as (2+1)-flavor
QCD, or Nf = 2 + 1.
In Euclidean space-time, which is obtained from the Minkowski formulation by
substituting t→ −iτ with τ ∈ R, the QCD Lagrangian is given by
LEQCD = LEgluon + LEfermion
= −1
4
Fµνa (x)F
a
µν −
∑
f=u,d,s...
ψ¯αf (x)
(
/D
E
αβ +mfδαβ
)
ψβf (x) , (1)
where Greek letters are spinor indices, a = 1, .., N2c − 1 is the color index, Nc is the
number of colors (Nc = 3 for QCD) and mf is the mass of quarks with flavor f .
The covariant derivative /D
E
and the field strength tensor F aµν are given by
/D
E
= γEµD
E
µ =
(
∂µ + ig
λa
2
Aaµ
)
γEµ , (2)
F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν . (3)
Here Aaµ are the gauge fields, ψ
α
f (ψ¯
α
f ) are the quark (anti-quark) fields, λ
a are
the generators of SU(Nc), fabc are the corresponding structure constants, γ
E
µ are
the Euclidean Dirac matrices obeying {γEµ , γEν } = 2δµν , and g is the bare coupling
constant.
In the Euclidean path-integral formalism the partition function of QCD is then
given by
Z(T, V, ~µ) =
∫ ∏
µ
DAµ
∏
f=u,d,s...
DψfDψ¯f e−SE(T,V,~µ) , (4)
with the Euclidean action
SE(T, V, ~µ) ≡ −
1/T∫
0
dx0
∫
V
d3x LE(~µ) . (5)
Here we have suppressed the dependence of the Euclidean Lagrangian and action on
the fields (Aµ, ψ¯f , ψf ) but have stressed explicitly their dependence on the various
quark chemical potentials that couple to the conserved quark number currents
LE(~µ) = LEQCD +
∑
f=u,d,s..
µf ψ¯fγ0ψf . (6)
6 H.-T. Ding, F. Karsch and S. Mukherjee
The thermal expectation value of physical observables O can be obtained
through
〈O〉 = 1
Z(T, V, ~µ)
∫ ∏
µ
DAµ
∏
f
DψfDψ¯f O e−SE(T,V,~µ) . (7)
Basic thermodynamic quantities like the pressure (P ), energy density () or
net-quark number density nf can be obtained from the logarithm of the partition
function using standard thermodynamic relations,
P
T 4
=
1
V T 3
lnZ(T, V, ~µ) , (8)

T 4
= − 1
V T 4
∂ lnZ(T, V, ~µ)
∂1/T
∣∣∣∣
~µ/T fixed
, (9)
nf
T 3
=
1
V T 3
∂ lnZ(T, V, ~µ)
∂µˆf
, (10)
where we introduced the chemical potentials in units of temperature, µˆf = µf/T .
In fact, the QCD partition function depends on chemical potentials only through
these dimensionless combinations, which are the logarithms of the fugacities, zf ≡
exp(µf/T ).
As will become clear in the next subsection, the numerical analysis of thermody-
namic observables at non-vanishing chemical potential, ~µ 6= 0, is difficult in lattice
regularized QCD. A viable approach that circumvents the so-called sign-problem in
lattice QCD at ~µ 6= 0, suitable for moderate values of the chemical potentials, is to
consider Taylor expansions for thermodynamic observables. The starting point for
such an analysis is the Taylor expansion of the pressure. In (2+1)-flavor QCD it
reads
P
T 4
=
∑
i,j,k
1
i!j!k!
χudsijk (T )
(µu
T
)i (µd
T
)j (µs
T
)k
, (11)
where the expansion coefficients are dimensionless, generalized susceptibilities that
can be evaluated at ~µ = 0,
χudsijk (T ) =
∂i+j+kP/T 4
∂µˆiu∂µˆ
j
d∂µˆ
k
s
∣∣∣∣∣
~µ=0
. (12)
We will present results from Taylor expansions of QCD thermodynamics in several
chapters of this review. Other thermodynamic observables and expressions more
suitable for the calculation of P/T 4 and /T 4 in lattice regularized QCD will be
introduced in later sections where they appear.
2.1.1. The high temperature, ideal gas limit
At very high temperatures, all quark masses are small on the scale of the temper-
ature and massless QCD becomes a good approximation. Furthermore, because
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of asymptotic freedom also interactions among quarks and gluons become small at
high temperature. QCD thermodynamics thus approaches that of a non-interacting,
massless quark-gluon gas. In the temperature range accessible to heavy ion colli-
sions the massless limit of 3-flavor QCD is most relevant (Nf = 3). In this limit
the pressure is given by(
P
T 4
)
ideal
=
8pi2
45
+
∑
f=u,d,s
[
7pi2
60
+
1
2
(µf
T
)2
+
1
4pi2
(µf
T
)4]
, (13)
where the first term gives the contribution of gluons and the sum yields the contri-
bution of quarks with different flavor degrees of freedom.
The thermodynamics of QCD at high temperatures can be systematically an-
alyzed in perturbation theory. This, however, becomes complicated beyond O(g2)
due to the appearance of non-perturbative length scales of O(gT ) and O(g2T ) re-
flecting electric and magnetic screening lengths,22 which require the resummation
of diagrams leading to the so-called hard thermal loop perturbation theory,23,24
or the explicit integration over hard scales leading to the dimensional reduction
scheme.25,26
2.1.2. The low temperature hadron resonance gas approximation
At low temperature quarks and gluons are confined in colorless hadrons, i.e. baryons
and mesons are the relevant degrees of freedom. In fact, it turns out that even
at temperatures close to the transition region from hadronic matter to the high
temperature quark-gluon plasma phase a non-interacting gas constructed from all
experimentally known resonances does provide quite a good description of QCD
thermodynamics. This had been anticipated by R. Hagedorn when he formulated
the hadron resonance gas (HRG)1,4 model prior to QCD.
In an HRG model the pressure and other thermodynamic observables are easily
obtained from the logarithm of the partition function,
lnZHRG(T, V, ~µ) =
∑
i∈ mesons
lnZMmi(T, V, ~µ) +
∑
i∈ baryons
lnZBmi(T, V, ~µ) , (14)
where ~µ = (µB , µQ, µS) is the set of baryon number, electric charge and strangeness
chemical potentials, respectively. The partition functions for mesons (M) or baryons
(B) are given by
lnZM/Bmi (T, V, ~µ) = ∓
V
2pi2
∫ ∞
0
dk k2 ln(1∓ zie−εi/T ) , (15)
with energies ε2i = k
2 +m2i and fugacities
zi = exp
(
(BiµB +QiµQ + SiµS)/T
)
. (16)
Of course, Bi = 0 for all mesons and Bi = ±1 for baryons. The set of hadron
chemical potentials, related to conserved quantum numbers, and the set of quark
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flavor chemical potentials are easily related to each other,
µu =
1
3
µB +
2
3
µQ ,
µd =
1
3
µB − 1
3
µQ ,
µs =
1
3
µB − 1
3
µQ − µS . (17)
With this it is straightforward to rewrite the Taylor series given in Eq. 11 in terms
of quark chemical potentials, also in terms of baryon number, electric charge and
strangeness chemical potentials,
P
T 4
=
∑
i,j,k
1
i!j!k!
χBQSijk (T )
(µB
T
)i (µQ
T
)j (µS
T
)k
, (18)
where the expansion coefficientsa χBQSijk can again be evaluated at ~µ = 0,
χBQSijk (T ) =
∂i+j+kP/T 4
∂µˆiB∂µˆ
j
Q∂µˆ
k
S
∣∣∣∣∣
~µ=0
. (19)
2.2. Lattice Regularization and Continuum Limit
Lattice gauge theory suggested by K. G. Wilson in 197413 is based on the Euclidean
path integral formalism and provides a particular regularization scheme for QCD
by introducing a finite lattice spacing as cut-off. In this way space-time is dis-
cretized and the path integral becomes a finite, yet high dimensional integral over
the gauge and fermion field variables. The discretization of space and time intro-
duces a systematic cut-off dependence in all observables, which vanishes when the
lattice spacing is taken to zero, i.e. in the continuum limit. Many theoretical and
technical details can be found in excellent textbooks such as Ref. 27–30. Here we
will only give a brief introduction that may help to make this review self-contained.
By introducing a hyper-cubic lattice of size N3σ×Nτ with a small but finite lattice
spacing a the calculation of observables given by Eq. 7 reduces to the evaluation of
finite, but high dimensional integrals. Rather than calculating the partition function
directly one usually is concerned with the calculation of expectation values, Eq. 7.
This can be done by exploiting well-known Monte Carlo simulation techniques.14
In order to preserve gauge invariance of the discretized action one introduces the
gauge degrees of freedom as variables living on links between neighboring sites of the
lattice, Ux,µˆ ≡ exp(iagAµ(x)), while the fermionic degrees of freedom, ψ¯x and ψx,
are defined on the sites of the lattice. The latter are anti-commuting Grassmann
variables and the former are Nc × Nc matrices that are elements of the SU(Nc)
color group.
aWe will in general suppress super- and subscripts of the generalized susceptibilities, if a subscript
is zero, i.e. χBQS102 ≡ χBS12 or χBQS200 ≡ χB2 .
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The volume V and the temperature T are related to the spatial and temporal
extents of the lattice, respectively,
V = (aNσ)
3, T =
1
aNτ
. (20)
Here Nσ and Nτ are the number of sites in spatial and temporal directions. A
consequence of introducing a discrete space-time lattice is that aside from Lorentz
symmetry also some of the symmetries of QCD get explicitly broken by the finite
lattice cut-off. They will be recovered in the continuum limit, a→ 0 at fixed V and
T . Asymptotically, for small values of the bare gauge coupling g this is controlled
by the QCD β-function
aΛL =
(
1
b0g2
)b1/2b20
e−1/2b0g
2
, (21)
with b0 =
(
11
3 Nc − 23Nf
)
/16pi2 and b1 =
(
34
3 N
2
c −
(
10
3 Nc +
N2c−1
Nc
)
Nf
)
/(16pi2)2.
Keeping physical observables constant when approaching the continuum limit
also requires a proper tuning of the bare quark masses. In the discretized version
of QCD (lattice QCD) all quark masses are naturally expressed in units of the
lattice spacing, mˆf ≡ mfa. Taking the continuum limit thus requires to take the
limit, g2 → 0 and mˆf → 0 while keeping some physical observables, i.e. one per
flavor degree of freedom, constant. This defines “lines of constant physics” (LCP)
in the space of quark masses and the gauge coupling. In the case of (2+1)-flavor
QCD with degenerate light quark masses, mu = md, one thus can determine the
bare quark mass parameters mˆl ≡ mˆu and the strange quark mass mˆs using two
physical observables. An often used approach is to fix the strange quark mass using
the (fictitious) ηss¯ meson mass, which only contains strange quarks and is quite
insensitive to light quark mass values. This mass is matched to the lowest order
chiral perturbation theory estimate mηss¯ =
√
2m2K −m2pi. The light quark mass is
then fixed using a constant ratio mˆs/mˆl, the value corresponding to the physical
pion mass value is mˆs/mˆl = 27.5.
31
The lattice regularized partition function may be written as
Z(T, V, ~µ) =
∫ ∏
x,µˆ
dUx,µˆ
∏
x,f
dψx,fdψ¯x,f e
−Sf−Sg ,
=
∫ ∏
x,µˆ
dUx,µˆ
∏
f
detMf (µf ) e
−Sg , (22)
where Sg and Sf are the discretized versions of the gluonic and fermonic part of the
action SE . As the action is bilinear in the quark fields these can be integrated out,
which gives rise to the determinant of fermion matrix Mf . Quite often exploratory
lattice QCD studies are performed in the so-called “quenched approximation”. This
refers to the calculation of observables that contain fermionic degrees of freedom
as valence quarks. However, back-reaction of fermions on the gauge fields (virtual
quark loops) are not included in the observables. This is achieved by fixing detMf =
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const. in Eq. 22, i.e. the determinant does not contribute in the generation of gauge
field configurations nor does it contribute in the calculation of expectation values.
The fermion matrix depends on the quark chemical potential µf which is in-
troduced on the time-like links of the lattice.32 Although other formulations are
possible33 a common approach is to replace the link variables, Ux,0ˆ → exp (µfa)Ux,0ˆ
and U†
x,0ˆ
→ exp (−µfa)U†x,0ˆ. The fermion determinant is positive definite only for
µf ≡ 0. For non-zero values of the chemical potential detMf (µf ) is a complex
function. Still the partition function is real, i.e. integration over the gauge fields
eliminates the imaginary contributions. However, the real part of the fermion de-
terminant still changes sign, which prohibits the application of conventional Monte
Carlo simulation techniques. This is known as the ’sign-problem’ in finite density
QCD. There are various attempts to circumvent this sign-problem in numerical
simulations performed directly at non-vanishing ~µ. At present complex Langevin
simulation techniques34–36 and the integration over Lefschetz thimbles37–39 are most
actively being explored. In this review we will focus on the Taylor expansion ap-
proach40,41 for the evaluation of thermodynamic observables at non-zero chemical
potential. This only requires numerical simulations at vanishing baryon chemical
potential. However, it is naturally limited in applicability through the radius of
convergence of the Taylor series which remains to be determined for QCD.
2.3. Fermion discretization schemes
When discretizing the Euclidean action one has quite some freedom. Discretization
schemes that differ by higher order corrections in the cut-off are equivalent to the
extent that they yield the same physical answers in the continuum limit. The ba-
sic construction principle of a lattice discretized version of QCD is that one wants
to start with a theory that is manifestly gauge invariant. In addition one tries
to choose discretization schemes that preserve as many of the symmetries of QCD
as possible already at non-zero values of the lattice spacing. The discretization of
the gluonic part of the action, Sg, is rather straightforward and well-established im-
provement schemes (Symanzik improvement42,43) are known that allow to eliminate
systematically higher order cut-off errors.
Some difficulties already arise in the naive discretization of the fermionic part of
the Euclidean action, Sf . When one simply approximates the covariant derivative
in the fermion action by nearest-neighbor differences of the quark fields additional,
unphysical degrees of freedom arise even in the continuum limit owing to the pe-
riodicity of the fermion dispersion relation on the lattice. This is known as the
fermion doubling problem which is closely related to the explicit breaking of chiral
symmetry in most commonly used fermion discretization schemes.44
There are several discretization schemes for the fermionic part of the action such
as Wilson fermions,13 staggered fermions,45 Domain Wall fermions46–49 as well as
overlap fermions.50,51 They differ to the extent they preserve chiral symmetry
and/or eliminate the problem of fermion doublers. Wilson fermions avoid the dou-
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bling problem by adding a dimension five operator to the naively discretized fermion
action.13 A variant of this is the so-called clover-improved Wilson fermion action
where lattice cutoff effects are reduced from O(a) to O(a2).52 Most commonly
used in QCD thermodynamics calculations is the staggered fermion discretization
scheme in which the Dirac 4-spinor is spread over several lattice sites.45 This reduces
the doubler problem but does not eliminate it completely. However, it preserves a
U(1)even×U(1)odd remnant of chiral symmetry, which allows independent rotations
of the quark fields on even and odd sites of the lattice, respectively. This is of great
advantage in the study of chiral symmetry breaking at non-zero temperature as it
allows to introduce an order parameter, the chiral condensate, that is sensitive to the
spontaneous breaking of this continuous symmetry. The reduction of the doubler
problem in the staggered fermion approach leads to the introduction of additional
heavier states for each fermion flavor. In the continuum limit these so-called taste
symmetry partners will become degenerate with the Goldstone mode that corre-
sponds to the broken U(1)even×U(1)odd symmetry. The Goldstone boson thus has
another 15 heavier partners (tastes) which become degenerate with the Goldstone
boson only in the continuum limit. To reduce the taste symmetry breaking, i.e.
reduce the mass difference between physical states and their heavier taste partners
two improved staggered actions, the Highly Improved Staggered Quarks (HISQ)53
and the stout smeared action,54 are commonly used in lattice studies of QCD ther-
modynamics. In Fig. 2 (left) we show some results for the cut-off dependence of
the root-mean-square mass values MRMSpi of the Goldstone particle and its 15 taste
partners calculated in different staggered fermion discretization schemes. As seen in
the left panel of Fig. 2 the 4stout and HISQ actions have the smallest MRMSpi . The
right hand panel of this figure shows the influence of cut-off effects on the calculation
of the fermion contribution to the pressure in the high temperature ideal gas limit.
These cut-off effects are independent of the taste improvement schemes and solely
arise from the strategy used to discretize the covariant derivatives appearing in the
fermion action. The stout-smeared actions utilize the naive 1-link discretization
scheme that leads to O(a2) errors in the ideal gas limit. In the HISQ, asqtad and
p455 actions 3-link terms are added to the action that eliminate the leading order
cut-off effects in the ideal gas limit. In these cases discretization errors only start
at O(a4).
Domain Wall fermions (DWF) and overlap fermions allow for an exact repre-
sentation of chiral symmetry even at non-zero lattice spacing. In the Domain Wall
discretization scheme the physical chiral Dirac fermions are constructed on two 4-
dimensional hyper-surfaces at the edges of a 5-dimensional lattice with extent Ls in
that fifth direction. These hyper-surfaces represent the usual 4-dimensional space-
time and on each of the surfaces fermions with one given chirality exist. There
persists a small explicit breaking of chiral symmetry which vanishes exponentially
in the limit Ls →∞. In DWF calculations this gives rise to a small additive renor-
malization of the quark masses, the so-called residual mass56 mres. Controlling and
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Fig. 2. (Left) Root mean squared pion mass (MRMSpi ) as a function of lattice spacing a. RMS
Mpi is defined as the rooted sum of the mass squared of 16 pseudo scalar states divided by 4. The
lattice cutoff effects are smaller with smaller MRMSpi . (Right) Ratio of quark contribution to the
pressure, obtained from lattice QCD calculations in the infinite temperature, ideal gas limit, to the
pressure of an ideal quark gas in the continuum (Pideal) as a function of Nτ . P/Pideal approaches
unity in the continuum limit.
reducing these residual mass effects is one of the important improvement steps in
calculations with DWF.57 Overlap fermions on the other hand preserve exact chiral
symmetry on a 4-dimensional lattice by obeying the Ginsparg-Wilson relation at
non-zero lattice spacing.58
Numerical calculations with Domain Wall as well as overlap fermions are quite
time consuming. However, with increasing speed of super-computers calculations
with physical light quark masses become feasible and chiral fermions have been used
recently also for QCD thermodynamics studies.59–62 In particular in the analysis of
subtle aspects of the QCD transition related to the temperature dependence of the
axial anomaly, calculations with fermions obeying exact chiral symmetry already at
non-zero values of the cut-off are mandatory.
3. QCD phase diagram at high temperature
Our thinking about the phase structure of strong-interaction matter centers around
two very basic concepts in strong interaction physics – confinement and chiral sym-
metry breaking. The former expresses the fact that only colorless states, baryons
and mesons, can exist in the vacuum and are observed experimentally. This gave
rise to the concept of a linearly rising, confining potential exhibited between quarks
and anti-quarks,
Vqq¯(r) = −α(r)
r
+ σr , (23)
with σ being the string tension and α(r) the running coupling of QCD.
Chiral symmetry breaking, on the other hand is a mandatory feature of strong
interactions needed to explain the appearance of a light, almost massless, particle
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in the hadron spectrum – the pions. In the limit of vanishing quark masses the
QCD Lagrangian has a build-in chiral symmetry. It is invariant under independent
global rotations of quarks with left and right handed chirality in flavor space as well
as chiral rotations of single flavor quark spinors. This gives rise to the U(Nf )L ×
U(Nf )R chiral symmetry which is equivalent to SU(Nf )L × SU(Nf )R × U(1)A ×
UV (1). The latter UV (1) reflects the conservation of baryon number, and the axial
U(1)A symmetry, although an exact symmetry of the classical QCD Lagrangian, is
explicitly broken by quantum fluctuations. The global SU(Nf )L×SU(Nf )R flavor
symmetry, on the other hand, is broken spontaneously in massless QCD, giving rise
to massless Goldstone modes and a non-vanishing chiral condensate,
〈ψ¯ψ〉f = T
V
∂ lnZ
∂mf
, f = 1, ..., Nf . (24)
The masses of the light pseudo-scalar (Goldstone) pions are then understood as
arising from the small non-zero values of the light up and down quark masses. This
is reflected in the Gell-Mann-Oakes-Renner relation between the pion mass (mpi),
the quark masses (mu,md), the pion decay constant (fpi) and the non-vanishing
chiral condensate 〈ψ¯ψ〉 = 〈ψ¯ψ〉u+ 〈ψ¯ψ〉d that arises from the spontaneous breaking
of chiral symmetry,
f2pim
2
pi =
1
2
(mu +md)〈ψ¯ψ〉 . (25)
The fact that QCD describes confinement as well as spontaneous breaking of chiral
symmetry is not evident from the QCD Lagrangian or the perturbative treatment
of strong interactions described by it. It requires a non-perturbative analysis –
lattice QCD calculations – to firmly establish the confining and symmetry breaking
features of QCD.
Asymptotic freedom of QCD suggests that non-perturbative effects are sup-
pressed at high temperatures and hot strong-interaction matter approaches ideal
gas behavior asymptotically. It thus is expected that non-perturbative condensates
also disappear at high temperatures. For exact global symmetries of QCD this is
expected to happen through a true phase transition. Basic features of this transition
can be understood by invoking universality arguments.10
The nature of the QCD transition depends crucially on the values of the quark
masses and the number of flavors (Nf ). Fig. 3 shows a sketch of the nature of the
QCD transition as functions of the quark masses for a theory with two degenerate
light (up and down) quarks with masses, mu,d ≡ ml = mu = md, and a heavier
strange quark with mass, ms, at zero baryon chemical potential. In the limit ml →
∞ and ms →∞ fermions decouple and the thermodynamics of a pure SU(3) gauge
theory (Nf = 0) is recovered. The SU(3) gauge theory has an exact Z(3) symmetry
and the deconfimement transition is first order. This first order region extends to
lower quark masses and ends at a second order critical line that belongs to the
universality class of the 3-d, Z(2) symmetric Ising model.63,64 For three degenerate
flavors Nf = 3 with small quark masses ml = ms → 0 the chiral transition is
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Fig. 3. A sketch of the nature of the QCD transition as functions of the two degenerate light (up
and down) quarks with masses, mu,d ≡ ml, and a heavier strange quark with mass, ms, at zero
baryon chemical potential.
known to be first order.65,66 Recent lattice QCD studies67,68 with improved actions
suggest that the extent of this first order region is quite small, i.e. limited to
ml = ms . mphyss /270 where mphyss is the physical value of the strange quark mass.
An additional ingredient in the discussion of the order of the transition in the
chiral limit arises from the role of the axial anomaly. The nature of the chiral
transition for the massless Nf = 2 theory , i.e. for ml → 0 and ms →∞, depends
on the magnitude of the axial UA(1) symmetry breaking. If this remains significant
close to the transition temperature then the relevant symmetry becomes isomorphic
to that of the 3-d O(4) spin model and the transition is expected to be second order
belonging to that universality class.10,69 However, if UA(1) symmetry breaking
becomes negligible near the chiral transition temperature, the relevant symmetry
becomes isomorphic to O(2) × O(4) and the transition be either first order10 or
second order.70,71 In the intermediate quark mass region there is no true phase
transition, rather a crossover takes place from the hadronic to the quark-gluon
plasma phase.
All the first order regions are separated from the crossover region by lines of
second order phase transitions belonging to the 3-d Z(2) universality class. The
first order region for the Nf = 2 + 1 case, the second order Z(2) line separating
the Nf = 2 + 1 first order and the crossover regions and the second order O(4) line
for the Nf = 2 case are supposed to meet at a tri-critical point characterized by a
certain value of the strange quark mass, mtrics . Although, it is well established that
in the real world, i.e. for the physical values of the quark masses, the transition
is a crossover,61,72 the location of the physical point with respect to mtrics has not
been established and even mtrics → ∞ cannot be ruled out. More specifically, it
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is yet unclear whether mphyss > m
tric
s or m
phys
s = m
tric
s or m
phys
s < m
tric
s . If
mphyss > m
tric
s then in the limit of ml → 0 one should find a second order transition
belonging to the 3-d O(4) universality class, if mphyss = m
tric
s the tri-critical point
is a Gaussian fixed point of the 3-dimensional φ6 model and its critical exponents
take the mean field values73 and if mphyss < m
tric
s then in the ml → 0 limit one may
cross through a second order transition belonging to the 3-d Z(2) universality class
and then may end up in the first order transition region.
In the following discussion we assume mphyss > m
tric
s .
3.1. Chiral transition in (2+1)-flavor QCD
In the vicinity of the chiral phase transition, the free energy density may be ex-
pressed as a sum of a singular and a regular part
f = −T
V
lnZ ≡ fsing(t, h) + freg(T,ml,ms, ~µ) . (26)
The parameter h represents the dimensionless explicit chiral symmetry breaking
(magnetic) field and t incorporates all the ‘thermal’ variables that do not explicitly
break the chiral symmetry, e.g. at leading order,
t =
1
t0
[
T − T 0c
T 0c
+ κq
(µq
T
)2]
, and h =
1
h0
ml
ms
, (27)
where µq ≡ µu = µd. T 0c denotes the (unknown) phase transition temperature in the
chiral limit ml → 0 and for µq = 0. The scaling variables t, h are normalized by two
unknown parameters t0 and h0. The other unknown parameter κq controls how the
chiral transition temperature T 0c changes as a function of µq. All these 4 unknown
quantities (Tc, κq, t0, h0) are unique to QCD, similar to the low energy constants
in the chiral Lagrangian. These parameters can be determined by analyzing the
scaling behaviors, arising from the singular part of the free energy, of the chiral
order parameter and susceptibilities using lattice QCD.
3.1.1. Pseudo-critical behavior at vanishing chemical potential
Sufficiently close to the QCD chiral transition the renormalization group invariant
dimensionless order parameter Mb, constructed out of the light quark chiral con-
densate, defined in Eq. 24, and the strange quark mass obeys the scaling relation
Mb ≡ ms〈ψ¯ψ〉l
T 4
= h1/δfG(z) + regular terms , (28)
in terms of a single scaling variable z = t/h1/βδ. The critical exponents β and δ and
the scaling function fG(z) uniquely characterize the universality class of the chiral
phase transition. As discussed before, for continuum QCD the relevant universality
class is expected to be the same as that of 3-d O(4) spin models. However, the
situation is more subtle for QCD on the lattice. For example, since for staggered
fermions away from the continuum limit there is only one Goldstone boson in the
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chiral limit the relevant universality class is that of the 3-d O(2) spin model. Table 1
summarizes the critical exponents and other relevant quantities for the 3-d O(2) and
O(4) universality classes.
Fig. 4 shows results for the chiral order parameter Mb calculated in (2+1)-flavor
QCD76 for several values of the light to strange quark mass ratio ml/ms while
keeping ms fixed to its physical value m
phys
s . In the continuum limit the physical
value of this ratio is mphysl /m
phys
s = 1/27.5.
31 The left hand panel in Fig. 4 shows
the variation of Mb with temperature calculated on rather coarse lattices (Nτ = 4)
for several values of ml/ms. In the continuum limit the smallest of these ratios
would correspond to pion masses of about 80 MeV. Clearly, the transition sharpens
as the light quark masses become smaller. The right hand panel of Fig. 4 shows a
comparison of the scaled order parameter Mb/h
1/δ (see Eq. 28) with the O(2) scaling
function. As can be seen, for small enough light quark masses, ml . mphyss /20, the
scaled order parameter for different values of the light quark mass collapses on a
unique curve and compares well with the O(2) scaling function. While these lattice
results suggest that the chiral transition for Nf = 2 theory belongs to the 3-d O(N)
universality class one should bear in mind that these results are not continuum
extrapolated and discretization effects may change the conclusion. In fact, lattice
studies performed with the unimproved staggered action even further away from the
continuum limit suggest that in this case the transition may even be first order.77
The chiral order parameterMb can be used to define two susceptibilities obtained
by either taking a derivative with respect to ‘thermal’ variable t, which give the
mixed susceptibility χt ∼ ∂Mb/∂t ∼ ∂2fs/∂t∂h, or with respect to the symmetry
breaking variable, χh ∼ ∂Mb/∂h ∼ ∂2fs/∂h2. These two susceptibilities are the
only two second derivatives of the free energy of an O(N) symmetric theory like
QCD that diverge at the critical pointb, i.e. at T = T 0c for ml = 0. Their singular
behavior is controlled by two scaling functions, f ′G(z) = dfG(z)/dz, and fχ(z) =
(fG(z)− (z/β)f ′G(z))/δ, respectively. Away from the chiral limit, these two scaling
functions have maxima at universal values of z, i.e. z = zt and z = zp (see Tab. 1),
bIn general, there is a third susceptibility, the specific heat, CV , which is obtained as a second
derivative of the free energy with respect to the ‘thermal’ variable t, CV ∼ ∂2fs/∂t2. In O(N)
symmetric theories, however, the relevant critical exponent α is negative. The specific heat, thus,
does not diverge at Tc in the chiral limit.
Table 1. Critical exponents α, β, γ, δ for the 3-dimensional
O(N) universality classes.74,75 Only two of the four critical
exponents are independent. They are related to each other
through the scaling relations γ = β(δ − 1) and α+ 2β + γ = 2.
The last two columns give the location of the maxima of the
scaling functions f ′G(z) and fχ(z), respectively.
74,75
N α β γ δ zt zp
2 -0.017 0.349 1.319 4.779 0.46(20) 1.56(10)
4 -0.213 0.380 1.453 4.824 0.73(10) 1.35(3)
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Fig. 4. O(N) scaling of the chiral order parameter Mb introduced in Eq. 28 for (2+1)-flavor
QCD.76
which can be used to define pseudo-critical temperatures.
For example, the scaling behavior of the chiral susceptibility for two light, de-
generate flavors,
χm,l(T ) = 2
∂〈ψ¯ψ〉l
∂ml
, (29)
is related to that of χh. The renormalization group invariant product of the chiral
susceptibility χm,l and the square of the strange quark mass is related to the scaling
functions by,
m2sχm,l
T 4
=
1
h0
h1/δ−1fχ(z) + regular terms . (30)
At vanishing quark chemical potential the chiral susceptibility thus diverges at the
chiral critical temperature T 0c in the chiral limit h → 0. The peak location of the
chiral susceptibility will then be associated with the peak of the scaling function
fχ(z), located at z = zp, and defines the chiral pseudo-critical temperature Tc for
h > 0,
Tc = T
0
c
[
1 +
zp
z0
(
ml
ms
)1/βδ]
+ regular terms , (31)
with z0 = t0/h
1/βδ
0 . As illustrated in Fig. 5, the chiral crossover temperature for
physical QCD with ms = m
phys
s and m
phys
l = m
phys
s /27.5 was studied in detail
78 by
using such a scaling analysis of the chiral susceptibility, including the influence of
regular terms. By performing scaling fits to the chiral susceptibility, extrapolating
to the physical value of light quark mass and subsequently taking the continuum
limit one obtains a value of
Tc = (154± 9) MeV (32)
for the chiral crossover temperature in (2+1)-flavor physical QCD.78 Studies with
other improved staggered fermion discretization schemes,79–81 which used other
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Fig. 5. (Left) O(4) scaling of the chiral susceptibility and its extrapolation to the physical light
quark mass for (2+1)-flavor QCD.78 The peak location of the chiral susceptibility defines the chiral
crossover temperature. (Right) Continuum extrapolation of the chiral crossover temperature for
(2+1)-flavor physical QCD, yielding Tc = (154± 9) MeV.78
criteria, not directly related to criticality, to define a crossover temperature, and
with chiral Domain Wall Fermions61 also yielded compatible results for the QCD
chiral crossover temperature.
3.1.2. Curvature of the pseudo-critical line
The scaling behavior of the mixed susceptibility, χt, can be utilized to determine
the chiral phase boundary in the T -µ plane.82 As introduced in Eq. 27, to leading
order the chemical potential µq does not contribute to the explicit chiral symmetry
breaking field h and can be treated as part of the ‘thermal’ scaling variable t.
Thus, the derivative of the order parameter with respect to the chemical potential,
χm,µ = ∂
2Mb/∂(µq/T )
2, is equivalent to the mixed susceptibility, χt. The scaling
behavior of the renormalization group invariant combination of χm,µ multiplied
with the strange quark mass, which combines a ‘thermal’ and ‘field-like’ derivative
of the free energy, is given by
msχm,µ
T 2
=
2κq
t0
h−(1−β)/βδf ′G(z) + regular terms . (33)
In the chiral limit, h→ 0, this susceptibility diverges at T 0c for µq = 0. For µq > 0,
the chemical potential dependence of the chiral transition temperature T 0c (µq) is
defined by the peak location, z = zt, of the scaling function f
′
G(z) and in the
leading order in (µq/T )
2 it is given by
T 0c (µq) = T
0
c
[
1− κq
(
µq
T 0c
)2
+O
[(
µq
T 0c
)4]]
+ regular terms . (34)
As illustrated in Fig. 6 (left), the curvature of the chiral phase transition line, κq,
can be determined by fitting the scaled susceptibility mst0h
(1−β)/βδχm,µ/T 2 to the
universal scaling function f ′G(z).
82 Such a scaling analysis provides a value of the
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Fig. 6. (Left) O(N) scaling of the susceptibility χm,µ and determination of the curvature, κq , of
the chiral phase boundary in the T -µq plane.82 (Right) Chiral crossover temperature as function
of baryon chemical potential, Tc(µB), compared with the freeze-out temperature in heavy-ion
collisions. The parametrization of the freeze-out line is taken from Ref. 86, with the freeze-
out temperature in the limit of infinite collision energy adjusted to the crossover temperature
at vanishing chemical potential, Tfo(
√
s → ∞) = 154 MeV. The black band for the crossover
line, Tc(µB), reflects the systematic uncertainty arising from a factor of 2 difference in current
estimates from calculations with real82,83 and imaginary84,85 µB (see text). Data points are
from a reweighting analysis87 and Taylor expansion88 (see text). They also are normalized to
Tc = 154 MeV.
curvature κq = 0.059(6).
82 In terms of the baryon chemical potential µB = 3µq,
the chiral transition temperature is then given by
T 0c (µB) = T
0
c
[
1− 0.0066(7)
(
µB
T 0c
)2
+O
[(
µB
T 0c
)4]]
. (35)
This result is in very good agreement with the independent determination of the
continuum extrapolated results of the curvature of the chiral phase boundary for
(2+1)-flavor of physical QCD,83 using different criteria. However, analytic continu-
ation from purely imaginary chemical potential yields a factor two larger values for
the curvature.84,85 Fig. 6 (right) shows the proximity of the QCD phase boundary
to the freeze-out line in heavy-ion collisions86 in the T -µB plane.
3.1.3. The critical end point
Information on the location of a critical end point (CEP) in the QCD phase dia-
gram (Fig. 1) from lattice QCD is ambiguous. Although considerable progress in
developing algorithms that would allow direct calculations in lattice QCD at µB > 0
have been made recently (see Ref. 36 for a recent review) these techniques are not
yet applicable to realistic QCD parameter values.
The first calculations that provided hints for the existence of a critical point87
used a reweighting technique that is applicable only on rather small lattices. It
had been performed on coarse lattices with temporal extent Nτ = 4 using only the
naive 1-link staggered fermion action. Taste violation effects thus are large and the
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reweighting is known to fail when used too far away from the parameters actually
used in the calculations. It has been argued that this ‘overlap problem’ may have
led to the spurious identification of a signal for a critical point.89 Calculations
performed with an imaginary chemical potential do not find any evidence for the
existence of a critical point.90 However, also these calculations have been performed
on coarse lattices and utilized the naive staggered 1-link action.
The conclusions drawn in Ref. 90 are based on an analysis of the µB-dependence
of the location of the boundary line that separates the first order transition region
shown in Fig. 3 at small quark masses from the crossover region. These calcula-
tions, performed with staggered fermions using an imaginary chemical potential,90
suggest that this boundary moves to smaller quark masses with increasing chemi-
cal potential. This disfavors the existence of a critical point connected to the Z(2)
boundary line at vanishing chemical potential. A similar analysis, performed with
clover-improved Wilson fermions, comes to the opposite conclusion91 and thus does
favor the existence of a critical point. The apparent differences between calcula-
tions performed with staggered fermions and Wilson fermions on coarse lattices
underscores that better control over systematic errors is needed before a definite
conclusion on the existence of a critical point can be drawn.
Analyzing the convergence properties of the Taylor series for the pressure
at non-zero chemical potential40,92 (Eq. 18) does, in principle, allow to relate
the location of the CEP to the radius of convergence of this series. Although
this approach has been used closer to the continuum limit (Nτ = 8)
88,93 than
the studies discussed above, the current estimates still are based on calcula-
tions with the naive staggered 1-link action. They still suffer from large taste
symmetry violations. These calculations yield for the location of the critical
point88 (TE/Tc, µ
E
B/T
E) = (0.94(1), 1.68(5))93 which is significantly lower than
the reweighting result (TE/Tc, µ
E
B/T
E) = (0.99(1), 2.2(2)).87 We show these two
estimates for the location of the CEP in Fig. 6 (right). The systematic errors of
these estimates are at present difficult to estimate.
Further information on the location of a critical point comes from the calcu-
lations of (i) the equation of state at µB > 0 performed with improved staggered
fermions, which we will discuss in Section 4, as well as (ii) the analysis of freeze-out
parameters based on Taylor expansions of cumulants of charge fluctuations, which
are also performed with improved staggered actions and which we will discuss in
Section 5, both suggest that a CEP located at µB/T < 2 is unlikely.
3.2. Deconfining aspect of QCD
Pure SU(Nc) Yang-Mills theory without quarks possess an exact global Z(Nc) cen-
ter symmetry, which gets spontaneously broken in the high temperature deconfining
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phase.15,16 The thermal expectation value of the renormalized Polyakov loop
Lren(T ) = e
−c(g2)Nτ · 1
V Nc
∑
~x
〈
Tr
Nτ∏
x0=1
U(x0,x˜),0ˆ
〉
, (36)
is not invariant under the Z(Nc) center symmetry. The Polyakov loop can be in-
terpreted as the free energy difference, F∞(T ), of a thermal system with and with-
out an infinitely heavy static quark anti-quark pair separated by infinite distance,
Lren(T ) = exp(−F∞(T )/2T ). The renormalization constant c(g2) can be fixed94 by
demanding that in the short distance limit the heavy quark free energy coincides,
up to a trivial additive constant, with the Coulombic short distance behavior of the
zero temperature heavy quark potential defined in Eq. 23. In the confined phase
F∞(T ) =∞, as a static quark and anti-quark pair cannot be separated by infinite
distance in this phase. Thus in the Z(Nc) symmetric confined phase Lren(T ) = 0.
On the other hand, in the spontaneously Z(Nc) broken deconfined phase a static
quark anti-quark pair can be separated by infinite distance due to the presence of
color screening and Lren(T ) 6= 0. Thus, for a pure SU(Nc) gauge theory, i.e. in the
limit ml → ∞, the Polyakov loop serves as the order parameter for the deconfine-
ment transition.95 However, since the mere presence of quarks explicitly breaks the
Z(Nc) center symmetry, the Polyakov loop does not serve as an order parameter
for QCD with realistic light quarks. Furthermore, since the Polyakov loop is not
related to a derivative of the QCD partition function with respect to the thermal
or the symmetry breaking field, its change or fluctuation across the QCD transition
may not capture the true singularities of the QCD partition function in any limit.
Thus, a deconfining temperature defined from the change of the Polyakov loop may
not reflect the pseudo-critical properties of QCD with realistic light quark masses.
As shown in Fig. 7 (left), the change of the Polyakov loop within the chiral crossover
region, Tc = 154(9) MeV, is rather gradual and smooth.
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Fig. 7. (Left) The renormalized Polyakov loop in (2+1)-flavor QCD.96 (Right) Appearance of the
fractionally charged degrees of freedom in the chiral crossover region Tc = 154(9) MeV (shaded
region) for the light as well as the strange quark. The black points show results obtained using
the stout action97 and the other points have been obtained using the HISQ action.98
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Deconfinement is associated with the liberation of degrees of freedom, mani-
fested by a rapid rise in the bulk thermodynamic observables such as the pres-
sure, energy density etc. Among such bulk thermodynamic observables fluctuations
and correlations of different conserved quantum numbers, e.g. the baryon number
(B), electric charge (Q) and strangeness (S), directly probe the liberation of the
quark degrees of freedom and the consequent appearance of fractionally charged
quantum number carriers. For example, both for an uncorrelated hadron gas and
in a free quark gas the difference of second to fourth order cumulants of baryon
number fluctuations probes the baryon number of degrees of freedom, specifically
χB2 − χB4 ∝ B2 − B4. For hadronic degrees of freedom carrying baryon number
B = ±1 one thus has χB2 − χB4 = 0, but for quark-like degrees of freedom with
B = ±1/3 one finds χB2 −χB4 6= 0. Similarly, for the strange quark sector higher or-
der baryon-strangeness correlation such as χBS31 −χBS11 ∝ (B3−B)S is non-vanishing
if the strangeness carrying degrees of freedom are associated with quark-like baryon
number B = ±1/3 and vanishes when the strangeness is carried by hadronic degrees
of freedom with B = ±1. Thus, such combinations of higher order fluctuations and
correlations of quantum numbers are sensitive probes of appearance of fraction-
ally charged degrees of freedom in a deconfined medium.98–100 The right hand
panel of Fig. 7 shows lattice QCD results for χB2 − χB4 and χBS31 − χBS11 from the
BNL-Bielefeld collaboration98 as well as the Budapest-Wuppertal collaboration.97
Clearly, both quantities start deviating strongly from zero in the chiral crossover
region, Tc = 154(9) MeV, indicating that fractionally charged degrees of freedom
start to appear at these temperatures and onset of deconfinement takes place for
the light as well as the strange quarks. Note, however, that also these fluctuation
observables are not order parameters in the strict sense.
3.3. Axial symmetry of QCD at high temperature
Although, the axial UA(1) symmetry is not an exact symmetry of QCD, as men-
tioned before, the magnitude of its breaking is expected to influence the order of
the chiral phase transition. Hence, knowledge of the temperature dependence of the
UA(1) breaking is essential for a comprehensive understanding of the QCD chiral
transition. The axial UA(1) symmetry of the massless QCD Lagrangian is broken
due to quantum fluctuations, resulting in non-conservation of axial current101,102
as well as explicit breaking of the global UA(1) symmetry induced by topologi-
cally non-trivial gauge field configurations, such as the instantons.103 Due to color
screening the instanton density gets suppressed as the temperature increases104 and
in the T →∞ limit the UA(1) symmetry becomes exact.
Since UA(1) is not an exact symmetry of QCD one cannot define an order pa-
rameter associated with its breaking. However, for two massless flavors, the pion
(pi) and the iso-vector scalar δ (a1) mesons transform into each other under a UA(1)
rotation. Since the presence of an exact UA(1) will render these meson states degen-
erate, the difference of the integrated two-point correlation functions of pion and δ
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meson,
χpi − χδ =
∫
d4x
( 〈
pi+(x)pi−(0)
〉− 〈δ+(x)δ−(0)〉 ) , (37)
will also vanish in the limit of exact UA(1) symmetry. Corrections due to small non-
vanishing light quark masses will only contribute at O(m2l ). Thus, this quantity
can be taken as a measure of the UA(1) breaking.
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Fig. 8. The UA(1) breaking measure χpi − χδ renormalized in the MS scheme as function of
temperature. Results are from a calculation with Domain Wall fermions.61 The difference is non-
vanishing for T ≥ Tc = 154(9) MeV. It becomes independent of quark mass for T & 168 MeV and
rises with decreasing quark mass at lower temperature. In fact, it will diverge in the chiral limit
for T < Tc.
This measure of UA(1) breaking was studied in detail using improved p4 stag-
gered fermions,106 and it was found that χpi − χδ remains non-vanishing for
T . 1.2Tc. However, for staggered fermions the issue of axial anomaly is quite
subtle and the correct anomaly may only emerge in the continuum limit.107,108
On the other hand, emergence of the axial anomaly is more straightforward for
the chiral DWF formulation.49 For DWF, axial symmetry is broken by the same
topologically non-trivial configurations as in the continuum. Lattice artifacts ap-
pear only at O(m2res), due to the explicit chiral symmetry breaking residual mass,56
mres, arising from finiteness of the fifth dimension (Ls < ∞). Thus, the DWF
action turns out to be a natural candidate for investigation of the temperature de-
pendence of UA(1) breaking in QCD. The temperature dependence of the UA(1)
breaking measure, χpi −χδ, has been extensively studied using the DWF formalism
for several volumes as well as quark masses.59,61,109 As depicted in Fig. 8, cal-
culations with DWF clearly show that χpi − χδ does not vanish around the chiral
crossover temperature Tc and remains non-vanishing for 165 MeV . T . 195 MeV,
independent of the light quark masses. These results indicate that UA(1) symmetry
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may remain broken at these temperatures even in the chiral limit.
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Fig. 9. (Top) Accumulation of near-zero eigenmodes of the Overlap-Dirac fermion matrix at
T = 1.5Tc.62 (Bottom) Spatial profile of a typical near-zero mode (left) and the spatial profile of
the chirality of the same near-zero mode (right) at T = 1.5Tc.62
Since UA(1) breaking arises due to topology of the gauge fields, it is intimately
related to the infrared modes of the Dirac fermions. In the limit of infinite volume,
both the chiral order parameter,
〈
ψ¯ψ
〉
l
, and the UA(1) breaking measure, χpi − χδ,
can be represented in terms of the eigenvalue density, ρ(λ), of the Dirac fermions
〈
ψ¯ψ
〉
l
=
∫ ∞
0
dλ
2ml ρ(λ)
λ2 +m2l
, and χpi − χδ =
∫ ∞
0
dλ
4m2l ρ(λ)
(λ2 +m2l )
2 . (38)
In the chiral symmetric phase and in the chiral limit
〈
ψ¯ψ
〉
l
must vanish, but χpi−χδ
can remain non-zero. Identification of the infrared fermionic modes, i.e. the form
of ρ(λ), that give rise to such a phenomenon naturally leads to the underlying non-
perturbative mechanism of axial symmetry breaking. Studies with DWF59,109 as
well as with overlap fermions,62 possessing even better chiral properties and an exact
index theorem, suggest that an accumulation of near-zero eigenmodes of the form
ρ(λ) ∼ m2l δ(λ) may largely account for the observed UA(1) breaking in χpi − χδ at
high temperature. Such accumulation of the near-zero modes are depicted in Fig. 9
(top). More detailed studies62 of the space-time profiles, as illustrated in Fig. 9
(bottom), localization properties and distributions of these near-zero modes indicate
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that their behavior is consistent with underlying presence of a dilute instanton gas—
a gas of widely separated, weakly interacting, small instantons and anti-instantons.
This suggests that even at temperatures T ∼ 1.5Tc weakly interacting instanton
anti-instanton pairs are largely responsible for the UA(1) breaking.
The analysis of UA(1) symmetry breaking close to the chiral limit of 2 or (2+1)-
flavor QCD, however, is far from being settled. Detailed systematic studies of
the quark mass and volume dependence as well as the cut-off dependence are still
missing. Moreover, results obtained with chiral fermions are still controversial.
Calculations performed with dynamical overlap fermions60,110 and so-called optimal
domain wall fermions111 at present suggest that UA(1) does get restored already
at Tc, which would still allow for the occurrence of a first order transition when
approaching the chiral limit.
4. Bulk thermodynamics
4.1. The QCD equation of state at vanishing chemical potential
Lattice QCD calculations of the equation of state, or more general, of basic bulk
thermodynamic observables like the pressure (P ), energy density () or entropy
density (s), have reached now a precision where continuum extrapolated results
for physical light and strange quark masses can be obtained. This also allows
detailed comparisons with perturbative calculations at high temperature and model
calculations at low temperature.
The procedure to calculate bulk thermodynamic observables in lattice QCD
is well established. The starting point for these calculations is the evaluation of
the trace anomaly, Θµµ(T ) ≡  − 3P . The trace anomaly is directly obtained as a
temperature derivative of P/T 4 which also is related to the QCD partition function,
Z(T, V ),
− 3P
T 4
= T
dP/T 4
dT
, (39)
with P/T 4 = limV→∞(V T 3)−1 lnZ(T, V ). As the trace anomaly arises as a deriva-
tive of the logarithm of the QCD partition function with respect to temperature,
it can be expressed in terms of expectation values of rather simple observables, e.g.
a combination of the gauge action and light and strange quark chiral condensates.
Nonetheless, the calculations become rather time consuming because a subtrac-
tion of the zero temperature contributions is needed to eliminate divergent vacuum
contributionsc.
As can be seen from Eq. 39 up to an integration constant at a temperature T0
the pressure can be obtained from the trace anomaly,
P (T )
T 4
− P (T0)
T 40
=
∫ T
T0
dT ′
− 3P
T ′5
. (40)
cFor more details we refer, for instance, to Ref. 112.
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Fig. 10. (Left) Comparison of the trace anomaly ( − 3P )/T 4, pressure and entropy density
calculated with the HISQ (colored)114 and stout (grey)113 discretization schemes for staggered
fermions. (Right) Continuum extrapolated results for pressure, energy density and entropy den-
sity obtained with the HISQ action.114 Solid lines on the low temperature side correspond to
results obtained from hadron resonance gas (HRG) model calculations. The dashed line at high
temperatures shows the result for a non-interacting quark-gluon gas.
This allows to reconstruct the energy density as well as the entropy density s/T 3 =
(+ P )/T 4.
The determination of thermodynamic quantities in QCD is a parameter free
calculation. All input parameters needed in the calculation, e.g. the quark masses
(mu = md, ms) and the relation between the lattice cut-off, a, and the bare gauge
coupling, β = 6/g2, are determined through calculations at zero temperature. Like-
wise, there is only a single independent thermodynamic observable that is calculated
in a lattice QCD calculation, for instance the trace anomaly, Θµµ(T ). All other bulk
thermodynamic observables are obtained from Θµµ(T ) through standard thermo-
dynamic relations. In Fig. 10 (left) we show recent results for the trace anomaly
of (2+1)-flavor QCD113,114 obtained with two different discretization schemes by
two different groups. The results are extrapolated to the continuum limit and are
obtained with a strange quark mass tuned to its physical value and light quark
masses that differ slightly (ms/ml = 27
113 and 20114). The right hand panel in this
figure shows results for the pressure, energy density and entropy density obtained
from the trace anomaly by using Eqs. 39 and 40.
Also shown in Fig. 10 are results obtained from a hadron resonance gas (HRG)
model calculation of bulk thermodynamics. As can be seen this describes the QCD
equation of state quite well also in the transition region, although it may be noted
that the HRG calculations yield results for all observables that are at the lower error
band of the current QCD results. It has been speculated that this may indicate
contributions from additional, experimentally not yet observed resonances which
could contribute to the thermodynamics.115 Indeed evidence for the contribution
of a large number of strange baryons has recently been found in lattice QCD calcu-
lations of conserved charge fluctuations116 (see also the discussion in Section 5 and
7).
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Fig. 11. The critical energy density c in (2+1)-flavor QCD. The band gives the continuum
extrapolated result for the energy density taken from Ref. 114. The HRG curve is based on all
resonance with mass less than 2.5 GeV listed by the Particle Data Group.31
In Fig. 11 we show the energy density in the low temperature region. The
box highlights the transition region characterized by the crossover temperature,
Tc = (154±9) MeV. From this we deduce the energy density in the crossover region,
c = (0.34 ± 0.16) GeV/fm3. This is a rather small value for the energy density
needed to convert ordinary hadronic matter into a medium made up from quarks
and gluons. It may be compared to the energy density of ordinary nuclear matter,
nuclear matter ' 0.15 GeV/fm3 or the energy density inside a nucleon, nucleon '
0.45 GeV/fm
3
, assuming the radius of nucleon RN ' 0.8 fm. In fact, c is close to
the energy density reached in the dense packing limit of nucleons with radius RN .
The simple bulk thermodynamic observables like pressure and energy density
give the impression that an HRG model also provides a good description of the
equation of state for temperatures above the crossover region, i.e. for T & 165 MeV.
However, as discussed in the previous section the analysis of conserved charge fluc-
tuations clearly shows that at temperatures T & 160 MeV thermodynamics can
no longer be described in terms of hadronic degrees of freedom (see for instance
Fig. 7 (right) and the discussion in Section 7). This also becomes evident in sec-
ond order derivatives of the QCD partition function with respect to temperature.
The speed of sound, c2s = dp/d, is related to the inverse of the specific heat,
CV = d/dT ,
c2s =
dp
d
=
dp/dT
d/dT
=
s
CV
, (41)
CV
T 3
=
∂
∂T
∣∣∣∣
V
≡
(
4

T 4
+ T
∂(/T 4)
∂T
∣∣∣∣
V
)
. (42)
Both quantities are shown in Fig. 12. The specific heat does not develop a pro-
nounced peak in the transition region as one could have expected from pseudo-
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Fig. 12. The velocity of sound in (2+1)-flavor QCD (left) and the specific heat CV /T
4 together
with the two components (see Eq. 42) contributing to it (right). Solid black lines in the low and
high temperature regions show the corresponding hadron resonance gas (HRG) and non-interacting
quark-gluon gas results, respectively.
critical behavior of energy density fluctuations close to a critical point. This may
be understood114 from the temperature dependence of the two terms contribut-
ing to CV /T
3. The dominant singular contribution arises from the temperature
derivative of /T 4, which has a peak. This, however, is overwhelmed by the large
energy density contribution at high temperature which reflects the liberation of
many partonic degrees of freedom. Furthermore, even in the chiral limit, where
QCD is expected to have a second order phase transition belonging to the uni-
versality class of 3-d, O(4) symmetric spin models, the specific heat will not di-
verge as the relevant critical exponent α ' −0.2 that controls its singular behavior,
CV /T
3 ∼ (|T − Tc|/Tc)−α + const., is negative for this universality class (see Ta-
ble 1). The speed of sound will therefore stay non-zero at Tc also in the chiral limit.
4.2. The QCD equation of state at non-vanishing chemical potential
In Section 3 we have discussed lattice QCD results on the dependence of the QCD
crossover temperature on the baryon chemical potential and its relation to the
freeze-out temperatures determined in heavy ion experiments. These experiments,
in particular the beam energy scan program performed at RHIC, will probe prop-
erties of strong-interaction matter at non-vanishing baryon chemical potential in
the temperature range 0.9 . T/Tc . 2 and 0 . µB/T . 3, with Tc denoting
the crossover temperature at µB = 0. For the hydrodynamic modeling of matter
in this (T, µB) regime it thus is of importance to also know the equation of state
at non-vanishing µB/T . As direct numerical calculations at non-zero µB are not
yet possible, a viable approach is to analyze the equation of state using a Taylor
expansion in terms of chemical potentials117,118 as given in Eq. 18. In this way
some results for the EoS at non-zero baryon chemical potential have already been
obtained on coarse lattices.40,41,118,119 Continuum extrapolated results for Taylor
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expansion coefficients of the pressure at O(µ2f ) have been obtained.120,121 These
have been used to construct the EoS at O(µ2B)122 which implements the strangeness
neutrality constraint119 (〈nS〉 = 0) and the electric charge to baryon number rela-
tion (〈nQ〉 = 0.4〈nB〉) suitable for conditions met in heavy ion collisions.
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Fig. 13. Expansion coefficients of the pressure at non-zero baryon chemical potential. The left
hand figure shows the leading order correction121 and the right hand figure shows the relative
contribution of the next to leading order correction. The continuum extrapolated result obtained
with the stout action is taken from Ref. 123.
We will discuss here only the case µQ = µS = 0 in some detail in order to
illustrate the relative importance of higher order corrections in different temperature
and µB regions. The Taylor series for the pressure is given by,
P (T, µB)− P (T, 0)
T 4
=
1
2
χB2 (T )
(µB
T
)2(
1 +
1
12
χB4 (T )
χB2 (T )
(µB
T
)2)
+O(µ6B) . (43)
The leading order correction to the pressure thus is proportional to the quadratic
fluctuations of net baryon number. The next to leading order corrections are pro-
portional to the quartic fluctuations. When written in the form given in Eq. 43
it becomes easy to identify the relative importance of leading and next to leading
order corrections. In Fig. 13 we show χB2 (T ) (left) and χ
B
2 (T )/χ
B
4 (T ) (right). With
increasing temperature the O(µ4B) correction rapidly looses importance relative to
the leading O(µ2B) term.
In Fig. 14 we show preliminary results for the µB-dependent contribution to
the total pressure evaluated for different values of µB/T and taking into account
corrections up toO((µB/T )4).124 These results suggests that anO((µB/T )4) Taylor
expansion of the pressure (and energy density) is well controlled for all values of the
chemical potential below µB/T = 2. This covers a wide range of the QCD phase
diagram accessible in the beam energy scan (BES) at RHIC, i.e. the region of beam
energies
√
s ≥ 20 GeV.
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Fig. 14. (Left) The µB-dependent part of the pressure at O((µB/T )2) (black) and O((µB/T )4)
(colored).124 The latter is shown only in the temperature regime where neglected corrections at
O((µB/T )6) are estimated to contribute less than 10%. (Right) When combined with the µB = 0
contribution for the pressure shown in Fig. 10 these neglected terms contribute less than 3% to
the total pressure.124 The grey band gives the uncertainty on P (T, 0)/T 4 and the central line in
the band is the parametrization of P (T, 0)/T 4 given in Ref. 114.
4.3. Perturbation theory, hadron resonance gas and the strongly
interacting liquid
In our discussion of bulk thermodynamic observables we have compared with HRG
model calculations. We have seen that the HRG does provide a rather good de-
scription of bulk thermodynamics below and even in the crossover region. However,
the HRG does depend on the resonance spectrum used in the calculation. This is of
some significance when one looks at more selective observables like, e.g., fluctuations
and correlations of strange baryons (see Sections 5 and 7). Spectrum independent
HRG results are, for instance, related to fluctuations of net baryon number. The ra-
tio of fourth to second order net-baryon number cumulants shown in Fig. 13 (right)
is unity in any HRG model irrespective of details of the spectrum. This figure thus
shows that an HRG model calculation can be expected to provide a good descrip-
tion of QCD thermodynamics on a 10% level only at temperatures less than about
T ' (140− 145) MeV.
At asymptotically high temperatures hard thermal loop, perturbative calcula-
tions24 or dimensionally reduced QCD (EQCD)125 provide a well-established frame-
work for the analysis of bulk thermodynamics and fluctuations of conserved charges.
We show in Fig. 15 a comparison of the trace anomaly (left) and the pressure
(right) calculated in lattice QCD with HTL and EQCD calculations. These cal-
culations seem to give a good description of bulk thermodynamics at tempera-
tures T & 400 MeV. However, even in this regime there remain differences between
HTL and EQCD calculations that are of the order of 10%. Moreover, within the
HTL calculations there seems to be no unique choice for the renormalization scale
µ, that would allow to match all observables simultaneously. Similar conclusions
can be drawn from the HTL analysis of net-baryon number fluctuations shown in
Fig. 16 (right). Although observables that are dominated at high temperature by
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Fig. 15. Comparison of the (2+1)-flavor calculation114 of the trace anomaly (left) and pressure
(right) with HTL and EQCD (dashed line) calculations. The black line corresponds to the HTL
calculation24 with renormalization scale µ = 2piT . Note that this solid line would move up for the
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Fig. 16. The ratio of quartic and quadratic net-baryon number fluctuations versus temperature.
The left hand panel shows temperature ranges in which HRG and resummed perturbative calcu-
lations, respectively, provide good approximations to lattice QCD results. The right hand panel
shows the result from a HTL-resummed calculations.24
quark rather than gluon contributions seem to approach perturbative behavior ear-
lier, it still is evident that agreement with lattice QCD results on the 10% level only
is possible for T & (250−300) MeV. In general the temperature range Tc ≤ T ≤ 2 Tc
is highly non-perturbative and obviously not accessible to hadronic model calcula-
tions. This is highlighted in the left hand panel of Fig. 16. We will discuss in the
following sections properties of strong-interaction matter in this temperature range.
5. Fluctuations of conserved charges
Proximity of a second order criticality, such as the O(4) chiral phase transition
or the QCD critical point, is universally manifested through long-range correla-
tions at all length scales, resulting in increased fluctuations of the order parameter.
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These fluctuations can be quantified through the Gaussian (variance) as well as
non-Gaussian (skewness, kurtosis etc.) cumulants of the distribution of the order
parameter. Higher order non-Gaussian cumulants become increasingly sensitive to
proximity of a critical point100 which is reflected in their grows with higher powers
of the correlation length.126 Moreover, even qualitative features, such as the sign
change and the associated non-monotonicity, of these non-Gaussian cumulants can
encode the presence of a nearby critical region.127–129 Non-Gaussian cumulants can
be accessed in heavy-ion experiments via the event-by-event fluctuations of vari-
ous conserved charges and particle multiplicities.130–134 In this vein, a major focus
of the Beam Energy Scan (BES) program135 at the RHIC is measurements of the
event-by-event fluctuations of particle multiplicities and conserved charges.136–141
Among several conserved charges, the net electric charge is of special interest.
Cumulants of net electric charge fluctuations can be measured in experiments138,141
and are calculable in lattice QCD.120,121 Cumulants of net electric charge fluctua-
tions and correlations with other conserved charges are well defined in lattice QCD
at vanishing chemical potentials where standard lattice QCD techniques can be used
to compute them. Furthermore, Taylor expansions in powers of µB around µB = 0,
can be employed to obtain generalized susceptibilities for µB > 0,
χQn (T, µB) =
∞∑
k=0
1
k!
χBQkn (T )
(µB
T
)k
. (44)
These susceptibilities directly relate to cumulants of the net electric charge fluctu-
ations,
χQ1 (T, µB) =
1
V T 3
〈NQ〉 ,
χQ2 (T, µB) =
1
V T 3
〈
(δNQ)
2
〉
,
χQ3 (T, µB) =
1
V T 3
〈
(δNQ)
3
〉
,
χQ4 (T, µB) =
1
V T 3
[〈
(δNQ)
4
〉
− 3
〈
(δNQ)
2
〉2]
, (45)
where NQ is the net (positive minus negative) charge and δNQ = NQ − 〈NQ〉.
On the other hand, through the measurements of the event-by-event distribu-
tions of the net electric charge, heavy-ion experiments provide various cumulants,
mean (MQ), variance (σQ), skewness (SQ), and kurtosis (κQ), of the electric charge
fluctuations for given beam energy (
√
s)138
MQ
(√
s
)
= 〈NQ〉 , σ2Q
(√
s
)
=
〈
(δNQ)
2
〉
,
SQ
(√
s
)
=
〈
(δNQ)
3
〉
σ3Q
, κQ
(√
s
)
=
〈
(δNQ)
4
〉
σ4Q
− 3 . (46)
Thus, the charge susceptibilities obtained from lattice QCD calculations and the
cumulants measured in the heavy-ion experiments are directly related to each other
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through the appropriate volume-independent ratios142
MQ (
√
s)
σ2Q (
√
s)
=
χQ1 (T, µB)
χQ2 (T, µB)
≡ RQ12 , (47a)
SQ (
√
s)σ3Q (
√
s)
MQ (
√
s)
=
χQ3 (T, µB)
χQ1 (T, µB)
≡ RQ31 . (47b)
As in many other cases, one still has to worry about directly confronting thermody-
namic QCD calculations performed in equilibrium and in the thermodynamic limit
to the rapidly expanding dense matter created in heavy ion collisions in a small
volume. In the analysis of higher order cumulants additional complications may
arise from more complicated efficiency corrections and the limited experimental
acceptance windows.143–145
In heavy-ion collision experiments the only tunable parameter is the beam en-
ergy,
√
s. However, to gain access to the information regarding the QCD phase
diagram this only tunable parameter needs to be related to the thermodynamic
variables, e.g. temperature and baryon chemical potential. Traditionally, this√
s ↔ (T, µB) mapping has been done by relying on the statistical hadronization
model based analysis.86 Recent advances in heavy-ion experiments as well as in
lattice QCD calculations have placed us in a unique situation where, for the first
time, this mapping can now be obtained through direct comparisons between the
experimental results and rigorous (lattice) QCD calculations. Recently, it has been
shown142,146 that by directly comparing lattice QCD calculations for RQ31 (Eq. 47b)
and RQ12 (Eq. 47a) with their corresponding cumulant ratios measured in heavy-ion
experiments it is possible to extract the thermal parameters, namely the freeze-out
temperature, T f , and the freeze-out baryon chemical potential µfB . The feasibility
of such a procedure has been demonstrated in Refs. 123,147,148. Fig. 17149 illus-
trates a recent example of such a comparison and subsequent determination of the
freeze-out parameters.
As can be seen from Fig. 17, due to large errors on the experimental results
for (SQσ
3
Q)/MQ, at present, only an upper limit on the freeze-out temperature
can be determined using the method described above. Thus, a complementary
procedure for the determination of T f , relying on a separate observable that can
be extracted both from heavy-ion experiments and lattice QCD calculations, is
certainly welcome. Recently, such a complementary procedure for the determination
of T f has been proposed in Ref. 116. This procedure takes advantage of the fact
that the initially colliding nuclei in heavy-ion collisions are free of net strangeness.
Thus, the conservation of strangeness under strong interaction ensures that the
QGP medium created during the collisions of these heavy-ions is also strangeness
neutral.
By Taylor expanding the net strangeness density, 〈nS〉 (µB , µS), in µB and µS
and subsequently imposing the strangeness neutrality condition, 〈nS〉 (µB , µS) = 0,
for a homogeneous thermal medium the strangeness chemical potential, µS , can be
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Fig. 17. (Left) A comparison between the lattice QCD results149 for RQ31 and the STAR data
138
for (SQσ
3
Q)/MQ at
√
s = 62.4 GeV. The overlap of the experimental results with the lattice
QCD calculations provides an upper bound on the freeze-out temperature T f ≤ 155 MeV. (Right)
Lattice QCD results149 for RQ12 as a function of µB compared with the STAR data
138 for MQ/σ
2
Q
in the temperature range T f = 150(5) MeV. The overlap regions of the experimentally measured
results with the lattice QCD calculations provide estimates for the freeze-out chemical potential µfB
for a given
√
s. The arrows indicate the corresponding values of µfB obtained from the statistical
hadronization model fits to experimentally measured hadron yields.86
obtained as116
µS
µB
= s1(T ) + s3(T )
(µB
T
)2
+O
[(µB
T
)4]
. (48)
The coefficients s1, s3, etc. consist of various generalized baryon, charge and
strangeness susceptibilities defined at vanishing chemical potentials and can be cal-
culated through standard lattice QCD computations at zero chemical potentials.116
Fig. 18 (left) shows the leading order contribution to µS/µB , i.e. s1(T ). A compar-
ison of the lattice result with the predictions from the hadron resonance gas model
reveal that the inclusion of only experimentally observed hadrons, as listed by the
Particle Data Group,31 fails to reproduce the lattice results around the crossover
region. Note that, while µS/µB is unique in QCD, for a hadron gas it depends on
the relative abundances of the open strange baryons and mesons. For fixed T and
µB , a strangeness neutral hadron gas having a larger relative abundance of strange
baryons over open strange mesons naturally leads to a larger value of µS . Aston-
ishingly, the inclusion of additional, unobserved strange hadrons predicted within
the quark model150,151 provides a much better agreement with lattice results, hint-
ing that these additional hadrons become thermodynamically relevant close to the
crossover temperature.116 As will be discussed in Section 7 , other lattice thermody-
namics studies also indicate that additional, unobserved charm hadrons do become
thermodynamically relevant close to the QCD crossover.152
On the other hand, the experimentally measured yields of the strangeness S
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Fig. 18. (Left) Lattice QCD results116 for µS/µB at the leading order, i.e. s1(T ) (see Eq. 48). The
dotted line (PDG-HRG) shows the results of a hadron resonance gas model containing only hadrons
listed by the Particle Data Group.31 The solid line (QM-HRG) depicts the result for a hadron gas
when additional, experimentally yet unobserved, quark model predicted strange hadrons150,151
are included. The shaded region indicates the chiral crossover region Tc = 154(9) MeV. (Right)
A comparison between experimentally extracted values of (µfS/µ
f
B , µ
f
B/T
f ) (filled symbols) and
lattice QCD results for µS/µB (shaded bands).
116 The lattice QCD results are shown for µB/T =
µfB/T
f . The temperature range where lattice QCD results match with µfS/µ
f
B provide the values
of T f , i.e. T f = 155(5) MeV and 145(2) MeV for
√
s = 39 GeV and 17.3 GeV, respectively.
anti-baryon to baryon ratios, RH , at the freeze-out are determined by the thermal
freeze-out parameters (T f , µfB , µ
f
S),
86
RH(
√
s) = exp
[
−2µ
f
B
T f
(
1− µ
f
S
µfB
|S|
)]
. (49)
By fitting the experimentally measured values of RΛ, RΞ and RΩ, corresponding
to |S| = 1, 2 and 3, the values of µfS/µfB and µfB/T f , as ‘observed’ in a heavy-ion
experiment at a given
√
s, can easily be extracted. Matching these experimentally
extracted values of µfS/µ
f
B with the lattice QCD results for µS/µB as a function of
temperature, one can determine the freeze-out temperature T f . Fig. 18 (right) il-
lustrates this procedure. Once again, the inclusion of additional unobserved strange
hadrons in the hadron resonance gas model (QM-HRG) leads to very similar val-
ues of the freeze-out temperatures as obtained using the lattice data. However,
including only the hadrons listed by the Particle Data Group31 (PDG-HRG) yields
freeze-out temperatures that are 5-8 MeV larger.
6. Transport properties
As we have seen in previous sections the analysis of bulk thermodynamics and charge
fluctuations provides plenty of evidence that thermodynamics of strong-interaction
matter above the crossover transition temperature, Tc, and up to temperatures
of about (1.5 − 2)Tc is highly non-perturbative. In this temperature range the
36 H.-T. Ding, F. Karsch and S. Mukherjee
velocity of sound is significantly smaller than that in a non-interacting quark gluon
gas suggesting also significant modifications of its transport properties. One of
the striking results of heavy-ion experiments at RHIC and LHC is that strong-
interaction matter in this temperature range shows features of a strongly coupled
medium with a small shear viscosity to entropy density ratio and small diffusion
coefficients. This led to the notion of strong-interaction matter close to the crossover
transition being a ‘nearly perfect liquid’.
Transport properties of strong-interaction matter can be explored in lattice QCD
calculations through the analysis of current-current correlation functions, e.g. for
some current J(τ, ~x),
GαβJ (τ,p) =
∫
d3x eipx〈Jα(0, 0)Jβ†(τ,x)〉 =
∫ ∞
0
dω
2pi
ραβJ (ω,p)K(ω, τ), (50)
where the integration kernel K(ω, τ) is
K(ω, τ) =
cosh(ω(τ − 1/2T ))
sinh(ω/2T )
, (51)
and α, β are appropriately chosen (scalar, vector, tensor) indices specifying the
current.
In Euclidean space-time these correlation functions have a spectral representa-
tion. The low frequency and low momentum structure of the spectral functions
ραβJ (ω,p) then gives access to transport properties of strong-interaction matter
while at higher frequencies the spectral functions provide information on in-medium
properties of bound states. We will discuss the latter in the Section 7. Extracting
the spectral function from a Euclidean correlation function is, however, difficult.
This is due to the fact that Euclidean correlation functions are calculated in finite
temperature lattice QCD only at a few discrete Euclidean time separations, e.g.
0 ≤ τ ≤ Nτ d. It requires the application of inversion methods like the Maximum
Entropy Method (MEM)153 or a modeling of the structure of the spectral function
at low frequencies.
According to the Kubo relations, which express the response of a medium to
small perturbations, transport coefficients can be determined from spectral func-
tions calculated in equilibrium thermodynamics. They are given by the slope of the
corresponding spectral functions at vanishing energy. For instance, using in Eq. 50
the electromagnetic current Jµ(t,x) ≡ JV (t,x) = ψ¯(t,x)γµψ(t,x) for a fermionic
charge carrier (quarks) with charge e (e.g. Qd = −e/3 for a down quark) one can
extract the electrical conductivity σ which quantifies the response of the QGP to
small perturbations induced by an electromagnetic field,
σ =
Cem
6
lim
ω→0
lim
p→0
3∑
i=1
ρii(ω,p, T )
ω
. (52)
dNote that Eq. 51 is symmetric around τ = 1/2T and as a consequence only half the number
of data points of the Euclidean temporal correlation function, i.e. Nτ/2, provide independent
information to extract the spectral function.
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Here Cem is the sum of the square of the elementary charges of the quark flavor
f , Cem =
∑
f Q
2
f . The electrical conductivity and the vector spectral function are
also related to the emission rate of soft thermal photons,
lim
ω→0
ω
dRγ
d3p
=
3
2pi2
σ(T )T αem . (53)
and the contribution of quark-antiquark annihilation to the thermal dilepton rate,
dW
dω d3p
=
5α2em
54pi3
1
ω2(eω/T − 1) ρV (ω,p, T ), (54)
where αem is the electromagnetic fine structure constant.
Using the vector current JV (τ,x) for heavy quarks one obtains from Eq. 50 the
corresponding spectral function of heavy quarkonium in the vector channel, ρiiV ,
which allows to determine the heavy quark diffusion coefficient D,
D =
1
6χh2
lim
ω→0
lim
p→0
3∑
i=1
ρiiV (ω,p, T )
ω
. (55)
Here χh2 is the heavy quark number susceptibility which is defined through the
zeroth component of the temporal meson correlator in the vector channel. E.g., for
charm quarks this is just the net charm number susceptibility introduced in Eq. 12.
Similarly, in the light quark sector, the electric charge diffusion coefficient DQ is
defined as the ratio of σ to electric charge susceptibility χQ2 defined in Eq. 19, i.e.
DQ = σ/χ
Q
2 .
The heavy quark diffusion coefficient D can be related to the momentum diffu-
sion coefficient κ and drag coefficient η through the Einstein relation
D =
2T 2
κ
=
T
Mη
. (56)
It is used to describe the Brownian motion of a heavy quark in the hot medium and
can also be related to the ratio of shear viscosity over entropy density η/s.154
The shear (η) and bulk (ζ) viscosities of strong-interaction matter are extracted
from correlation functions of the energy-momentum tensor, Tµν = FµαF να −
1
4δµνF
ρσF ρσ. I.e. using the current Jµν(τ,x) ≡ Tµν(t,x) in Eq. 50 one obtains
η = pi lim
ω→0
lim
p→0
ρ12,12(ω,p)
ω
, (57)
ζ =
pi
9
lim
ω→0
lim
p→0
∑
k,l
ρkk,ll(ω,p)
ω
. (58)
At present only a few calculations of transport coefficients have been performed
in QCD with dynamical quark degrees of freedom. Most calculations utilized the
quenched approximation at vanishing baryon number density.155 In the following
subsections we will summarize current results for the transport coefficients intro-
duced above. For further details on the calculation of transport coefficients on the
lattice and earlier results see, for instance, Ref. 156.
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6.1. Electrical conductivity, charge diffusion and dilepton rates
Probably the best analyzed spectral function is that of the light quark vector current
which gives access to the electrical conductivity, σ(T ) (Eq. 52), soft photon emission
rates (Eq. 53) and thermal dilepton rates (Eq. 54) as well as the electric charge
diffusion constant DQ = σ/χ
Q
2 . The vector spectral function ρV (ω) ≡ ρV (ω, 0, T )
has been calculated first in quenched QCD157 using the MEM approach153,158 in
which the analysis had only been constrained at large frequencies through a default
model based on the free fermion spectral function and the largest lattices used only
had Nτ = 16 points in the temporal direction. It has, however, been noticed
159
that this is not sufficient to get access to transport coefficients, which require the
spectral functions at low frequencies to be linear in ω. Furthermore, a larger time
extent160 is needed to control the low frequency part of the spectral functions.
First continuum extrapolated results for the vector spectral function were ob-
tained in quenched QCD using clover-improved Wilson fermions160 at T ' 1.4 Tc.
These results have been extended to three different temperatures recently.161–163
In these calculations the thermal spectral functions are obtained by fitting the
continuum-extrapolated two-point Euclidean correlation functions to an ansatz for
the spectral function that is motivated by kinetic theory and perturbation theory
ρmodel(ω) = χqcBW
ωΓ
ω2 + Γ2/4
+
3
2pi
(1 + k)ω2 tanh
( ω
4T
)
. (59)
Here χq is similar to χ
h
2 appearing in Eq. 55 but for light quarks and it is obtained
by summing the zeroth component of the light temporal vector correlation function
over space-time coordinates. The unknown parameters are thus the amplitude cBW
and the width Γ of the Breit-Wigner function as well as the parameter k, which
parametrizes deviations from the free theory behavior at large ω. The thermal
spectral functions obtained in this way and the resulting thermal dilepton rates
are shown in Fig. 19. In the high frequency region, i.e. for ω/T & 7, all the
thermal spectral functions at the three temperatures above Tc are well described
by leading order perturbation theory (Born rate) as well as Hard Thermal Loop
(HTL) calculations. At small frequencies the lattice QCD results are significantly
enhanced over the Born rate, indicating the presence of a transport peak, but are
smaller than the HTL rates. In fact, the latter rises too rapidly at low frequency
and would give rise to a divergent electrical conductivity.
The finite intercept of ρ(ω)/(ωT ) at ω = 0 seen in Fig. 19 gives the electrical
conductivity (see Eq. 52), σ/(CemT ) ∈ [0.21, 0.44].163 In these calculations σ/T
does not show any significant temperature dependencee, which may be due to the use
of the quenched approximation. The results are consistent with a calculation that
used staggered fermions, but no renormalized vector currents,159 σ/(CemT ) ' 0.4(1)
for 1.5 . T/Tc . 2.25. These results are, however, substantially smaller than earlier
calculations performed on coarse lattices.164
eThis is also reflected in the temperature dependence of the temporal correlation functions divided
THERMODYNAMICS OF STRONG-INTERACTION MATTER FROM LATTICE QCD 39
ω/Τ
ρ/(Tω)
ρcut(ω0/T=3.0)/(Tω)
HTL
0.0
1.0
2.0
3.0
4.0
 0  1  2  3  4  5  6  7  8
1.0e-11
1.0e-10
1.0e-09
1.0e-08
1.0e-07
1.0e-06
1.0e-05
 0  1  2  3  4  5  6  7  8
ω/T
dW/dωd3p 1.1Tc
1.2Tc
1.4Tc
HTL
Born
Fig. 19. (Left) Thermal spectral function at 1.1 Tc calculated in quenched QCD.163 (Right)
Temperature dependence of the quark-antiquark annihilation contribution to the thermal dilepton
rate above Tc.163
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.5  1  1.5  2  2.5  3  3.5
σ(T)
CemT
T/Tc
(Aarts et al.)
(Ding et al.)
(Brandt et al.)
(Aarts et al.)
Nf=0
Nf=0
Nf=2
Nf=2+1
100 150 200 250 300 350 400
T [MeV]
0.0
0.5
1.0
1.5
2.0
2.5
2pi
T
D
Q
0.75 1.00 1.25 1.50 1.75 2.00
T/Tc
Fig. 20. (Left) Lattice QCD results for the electrical conductivity σ/(CemT ) as function of T/Tc
including results obtained in quenched QCD,159,160,163 2-flavor QCD with mpi ' 270 MeV165
and (2+1)-flavor QCD with mpi ' 380MeV.166 Note that the values of Tc obtained in these
calculations are different, i.e. T
Nf=0
c ' 270 MeV, TNf=2c ' 208 MeV and TNf=2+1c ' 185 MeV.
(Right) Temperature dependence of charge diffusion coefficient 2piTDQ = 2piTσ/χ
Q
2 . The results
are obtained in (2+1)-flavor QCD calculations on anisotropic lattices at one value of the spatial
lattice cut-off, a ' 0.12 fm and with light quark masses corresponding to mpi ' 380 MeV.166
Recently the calculation of the electrical conductivity has also been performed
in QCD with dynamical quarks. The first calculation was done in 2-flavor QCD
using O(a) improved Wilson quarks corresponding to mpi ' 270 MeV. The electrical
conductivity of the quark-gluon plasma at T ' 250 MeV was found to be similar to
the quenched result, σ/(CemT ) = 0.40(12).
165
First results from a calculation in (2+1)-flavor QCD performed on anisotropic
lattices with quark masses corresponding to a pion mass mpi ' 380 MeV166,167 are
shown in Fig. 20. The simulation is performed at one value of the lattice cut-off.
by T 3 which are temperature independent for this temperature range.163
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Varying the temporal extent of the lattice, Nτ , from between 48 and 16 a tempera-
ture range from 0.63 Tc to 1.90 Tc is covered. The left hand panel of this figure shows
temperature dependence of σ/(CemT ) (square points). It stays constant within er-
rors in the transition region and increases with temperature for T > Tc. Also shown
in the left hand panel of Fig. 20 are electrical conductivities obtained in quenched
QCD159,160,163 and 2-flavor QCD.165 The right hand panel of Fig. 20 shows the tem-
perature dependence of charge diffusion coefficient DQ multiplied by 2piT . 2piTDQ
shows a dip near Tc which arises from the rapid exponential drop of the electric
charge susceptibility at low temperature where the electrical conductivity of a pion
gas168 remains nonzero and vanishes only like
√
T .
6.2. Heavy quark diffusion
Contrary to earlier expectations it has been found in heavy ion collision experiments
at RHIC169,170 and LHC171 that heavy-quark mesons show a substantial elliptic
flow that is comparable to that of light-quark mesons. Moreover, also somewhat
unexpectedly, heavy quarks are found to lose a significant amount of energy while
traversing through the QGP. The latter has been called the heavy quark energy loss
puzzle. Phenomenological explanations of these phenomena try to model the heavy
quark diffusion in a hot and dense medium. This requires knowledge about the
heavy quark diffusion coefficients D154,172,173 which can be determined in lattice
QCD calculations.
The charm-quark diffusion coefficient has been calculated in quenched QCD at
three temperatures in the deconfined phase174 using lattices with temporal extent
Nτ = 48, 32 and 24 at a fixed value of the cut-off. Results from this calculation are
shown in Fig. 21. The left hand panel shows the transport peak in the charmonium
vector spectral function at three different temperatures above Tc. These transport
peaks are obtained using a MEM analysis where an ansatz of Lorentzian form is
used as the prior information for the low frequency part of the spectral function, i.e.
ωη/(ω2 + η2). The intercept at ω/T = 0 gives the charm quark diffusion coefficient
(c.f. Eq. 55). It is found that 2piTD ' 2 and, with current understanding of
uncertainties, this product is independent of temperature. These values of D are
much smaller than the results from perturbative calculations175 and are very close
to the value obtained from the AdS/CFT correspondence.176 These different results
are compared in the right hand panel of Fig. 21.
A direct determination of the diffusion coefficient for bottom quarks from bot-
tomonium correlation functions is difficult as it would require quite small lattice
spacings to accommodate the bottomonium states on the lattice. The method of
choice here is to start with the infinite quark mass limit where one can use Heavy
Quark Effective Theory (HQEFT) to compute the diffusion coefficient of a static
quark. In this approach the propagation of a heavy quark carrying color charge
and its response to a colored Lorentz force can be described using linear response
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Fig. 21. (Left) The low frequency transport part of the charmonium vector spectral function
obtained from a MEM analysis of vector correlation functions in quenched lattice QCD.174 The
central lines are mean values while the bands reflect the statistical uncertainties. (Right) Temper-
ature dependence of heavy quark diffusion coefficients multiplied by 2piT in pure gluonic matter.
The charm diffusion coefficients are obtained from the spectral functions shown in the left plot.174
Also shown are results for the static quark diffusion coefficient obtained by using the lattice dis-
cretized versions of HQEFT.177,178 The boxes show the statistical error while the error bars reflect
the systematic uncertainties. The horizontal dotted line labels the value of 2piTD in the heavy
quark limit from the AdS/CFT correspondence 176 and the short, horizontal solid line indicates
the value of 2piTD from next-to-leading order pQCD calculations at αs ' 0.2.175
.
theory. This leads to the spectral analysis of a “color-electric correlator”179,180
GE(τ) = −1
3
3∑
i=1
〈ReTr [U(1/T ; τ)gEi(τ,0)U(τ ; 0)gEi(0,0)]〉
〈Re Tr [U(1/T ; 0)]〉 , (60)
where U(τ2; τ1) is a Wilson line in the Euclidean time direction and gEi(τ,x) denotes
the color-electric field at time-space (τ,x). The momentum diffusion coefficient κ
can then be extracted from the slope of the corresponding spectral function in the
limit of vanishing frequency ω,
κ/T 3 = lim
ω→0
2 ρE(ω)
ωT 2
. (61)
Here ρE(ω) is the corresponding spectral function that is related to GE(τ) via
Eq. 50. In the non-relativistic limit, i.e. for a heavy quark mass M  piT , the
momentum diffusion coefficient κ is related to the (spatial) heavy quark diffusion
coefficient D via Eq. 56.
The color-electric correlator GE(τ) is defined in terms of gluonic observables
only. It thus suffers from a small signal to noise ratio, a problem similar to what
one encounters in the calculation of viscosities181 (see next subsection). In both
cases efficient noise reduction techniques are needed for a calculation of the gluonic
correlation functions. In a recent study177 the correlator GE(τ) has been calculated
using multi-level updates181,182 as well as the link integration technique.183,184 The
improved correlator Gimp(τT ) obtained this way at T ' 1.4 Tc for four different
42 H.-T. Ding, F. Karsch and S. Mukherjee
 1
 1.5
 2
 2.5
 3
 3.5
 4
 0  0.1  0.2  0.3  0.4  0.5
τT
Gimp/Gnorm
continuum
 1923x48
 1443x36
 963x24
 643x16
NNLO
NLO
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
 4
 0  0.1  0.2  0.3  0.4  0.5
τT
Gimp/Gnorm
continuum
κ/T3=2.5(4)
A*NNLO+B*ω3
NNLO
κ ω/2T
Fig. 22. (Left) Continuum extrapolation of improved color-electric correlator GE(τ) ≡ Gimp(τ)
(see Eq. 60) normalized to the high temperature, free field theory result Gnorm(τ) and the
comparison with NNLO and NLO perturbative QCD calculations at 1.4 Tc on quenched lat-
tice QCD.177 (Right) χ2 fit to the continuum extrapolated Gimp/Gnorm using an ansatz
ρmodelE (ω) = max
{
AρNNLO(ω) +Bω
3, ωκ
2T
}
. Also shown are the separate contributions to the
correlator arising from the different parts of the fit ansatz for the spectral function.177
values of the lattice cut-off in quenched QCD has been extrapolated to the contin-
uum limit. Results are shown in the left hand panel of Fig. 22. In order to extract
the momentum diffusion coefficient from this correlator an ansatz for the spectral
function has been used.177 The corresponding fit is shown in the right hand panel
of Fig. 22. It yields,
κ/T 3 = 2.5(4) at T ∼ 1.4 Tc. (62)
This corresponds to 2piTD = 5.0(8) which is consistent with similar lattice QCD
studies using HQEFT.178 However, it is a factor 2 to 3 larger than the charm quark
diffusion coefficient discussed above174 (see Fig.21).
The heavy quark diffusion coefficient D has also been calculated in perturbative
QCD in both leading and next-to-leading order as well as from the AdS/CFT corre-
spondence. At αs ≈ 0.2 the leading order pQCD calculation185 gives 2piTD ≈ 71.2
while 2piTD ≈ 8.4 is obtained in next-to-leading order calculations.175 In the strong
coupling limit 2piTD = 1 is obtained from the AdS/CFT correspondence176 (see
Fig.21).
6.3. Shear & bulk viscosities
The computation of shear and bulk viscosities has been attempted already in the
80’s.186 However, it turned out that the signal to noise ratio in calculating Euclidean
energy-momentum correlation functions is very small and high statistics or improved
algorithms are needed. The latter became available for quenched QCD calculations
with the multi-level algorithms182 which have been used for the calculation of shear
and bulk viscosities.181,187 Results from such an analysis by Meyer181 and those
with direct high statistics calculations by Nakamura & Sakai188 are shown in Fig. 23.
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The ratio obtained in the former calculation are smaller than those obtained in the
earlier direct simulations; η/s = 0.102(56) at 1.24 Tc and 0.134(33) at 1.65 Tc
obtained in quenched QCD on lattices with temporal extent Nτ = 8.
181 This shows
that noise reduction techniques like the multi-level algorithm are mandatory for a
successful calculation of viscosities. Results on the bulk viscosity to entropy ratio
ζ/s show that this ratio rapidly becomes small above Tc.
189 At T & 1.2 Tc it is
smaller than η/s and, in fact, within errors it is consistent with zero.181,188,189
Still the calculations of viscosities are performed on lattices with rather small
temporal extent compared to those used in calculations of the electrical conductivity
and diffusion constants. Systematic uncertainties in these calculations need to be
better controlled in future. Here it will also be helpful to combine lattice QCD
calculations with information from analytic approaches that put constraints on the
structure of spectral functions, e.g. QCD sum rules.190–192
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Fig. 23. (Left) Temperature dependence of the shear viscosity, η/s, of gluonic matter obtained by
using noise-reduction techniques (squares)181 and direct high statistical calculations (circles)188
on Nτ = 8 lattices. The dotted line corresponds to the conjectured lower bound of η/s from
AdS/CFT correspondence.176 (Right) Temperature dependence of the bulk viscosity, ζ/s, of
gluonic matter.189 The square points include the statistical uncertainties while the solid black
bars denote the systematic uncertainties. Results for the same quantity from Ref. 188 which are
not shown are consistent with zero at T ∈ [1.4 Tc, 1.8 Tc]. Data are taken from Refs. 181,188,189.
6.4. Transport coefficients of second order hydrodynamics
Due to the importance of viscous effects in the evolution of hot and dense matter
created in heavy ion collision there is considerable interest in extending the hydrody-
namic modeling beyond leading order gradient expansions of the energy momentum
tensor. A second order gradient expansion is parameterized by additional transport
coefficients,193 which may become accessible to lattice QCD calculations.194–196
One of these new transport coefficientsf is κ, which controls the momentum depen-
fAlthough this particular second order coefficient is also called κ it should be noted that it is not
related to the momentum diffusion coefficient κ introduced in Eq. 56
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dence of space-like correlations of the energy momentum tensor. It is defined as
the leading order coefficient of the Taylor expansion of the retarded correlator of
energy-momentum tensor in momentum p about zero,192,197
GR(ω = 0,p) =
∫ ∞
−∞
dtdx eipx〈[T12(τ,x), T12(0, 0)]〉θ(t)
= GR(0) +
κ
2
|p|2 +O(|p|4) . (63)
Since the difference between the retarded correlatorGR and the Euclidean correlator
at vanishing frequency ω = 0 is just a contact term, which has been shown to be
momentum independent,198 κ can directly be extracted from the corresponding
Euclidean correlator,
κ = 2 lim
|p|→0
dGE(ω = 0,p)
d|p|2 . (64)
This is considerably simpler to compute than first order coefficients such as the shear
or bulk viscosity as it does not require analytic continuation from imaginary time
to real time. The only complication is that large spatial lattice sizes are required
to get access to small momenta in the lattice QCD calculation.
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Fig. 24. Transport coefficient of second order hydrodynamics κ/T 2 as a function of T . The lines
denote the results from AdS/CFT correspondence197 and lattice perturbation theory (LPT),199
respectively.
The second order hydro-coefficient κ has been computed in quenched QCD on
lattices with temporal extent Nτ = 8 and 6 and a large spatial size.
199 Results from
this calculation are shown in Fig. 24. It yields κ/T 2 = 0.36(15). Within the current
large errors no further temperature dependence is observed in the temperature range
2Tc < T < 10Tc and results are compatible with both perturbative QCD
192,195 and
AdS/CFT results.200
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7. Open heavy flavors and heavy quarkonia
Owing to their large masses heavy flavors, such as charm and bottom, are produced
only during the earliest stages of a heavy ion collision and get affected by the hot and
dense medium during its entire evolution. They then emerge as hadrons with open
heavy flavors or as quarkonia. Thus, heavy flavors provide unique identifiable probes
against which the temperature and coupling of the medium created during heavy-
ion collisions can be calibrated. The melting of charmonium states has long been
considered as an important signature for the formation of quark-gluon plasma.18
Understanding its production rates and abundance can provide detailed information
on properties of the matter formed in a heavy ion collision. We will discuss current
results on the temperature dependence of quarkonium bound states in subsection
7.2. In addition, understanding the fate of open flavor bound states also is of
importance for the understanding of the strongly interacting regime in the QGP
close to the transition temperature. The question whether or not heavy flavor
mesons can survive above Tc plays a crucial role in the phenomenological modeling
of the heavy quark energy loss.201–203 Lattice QCD results on the dissociation of
open charm hadrons will be discussed in the next subsection.
7.1. Melting and abundances of open charm hadrons
Similar to the case of strangeness,98 discussed in Section 3.2, the deconfinement or
melting of open charm hadrons can be probed152 by using fluctuations of the charm
quantum number (C) and its correlations with baryon number (B) fluctuations.
To this end one may consider appropriately chosen ratios of correlations between
net-baryon and net-charm number fluctuations. One such ratio is, for instance,
χBC22 /χ
BC
13 .
152 Since at low temperatures, for a gas of uncorrelated charmed hadrons,
the thermodynamic contributions of the much heavier |C| = 2, 3 baryons can be
safely neglected, this particular ratio is dominated by |C| = 1 baryons and thus
yields χBC22 /χ
BC
13 = |B| = 1. On the other hand, at high temperatures, for a free
gas of massive charm quarks with masses much larger than T , the above ratio
isg χBC22 /χ
BC
13 = |B| = 1/3. Thus, this quantity can be viewed as a measure for
the baryon number associated with the predominant degrees of freedom that are
carriers of the charm quantum number in a given temperature region. Its behavior
can indicate the liberation of quark-like degrees of freedom with fractional baryon
number.
Fig. 25 (left)152 shows that close to the chiral crossover temperature, Tc =
154(9) MeV, the quantity χBC22 /χ
BC
13 starts deviating from unity. This indicates
that beyond this temperature fractionally charged quark-like degrees of freedom
start appearing and open charm hadrons start to melt. The left hand panel of
gHere one makes use of the fact that the Boltzmann gas approximation is still a good approximation
for a charm quark gas at a few times the transition temperature. This is the temperature range
of interest to heavy ion collision experiments.
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Fig. 25 also shows a comparison with similar quantities involving both baryon-
strangeness correlations as well as baryon-electric charge correlations. The first of
these quantities is sensitive to the deconfinement of strange quarks and the second
one is also sensitive to the deconfinement of light up and down quarks. It is clear
from the figure that the onset of deconfinement for the charm, strange as well as
the up/down quarks happens in the same chiral crossover region.
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Fig. 25. (Left) Ratios between cumulants of correlations of net baryon number with net charm,
net strangeness and net electric charge fluctuations.152 Deviations of these ratios from unity in
the crossover region (shaded band) suggest that the onset of the melting/deconfinement of open
charm hadrons as well as open strange hadrons and hadrons with light up/down quarks starts in
the same temperature range (see text for details). (Right) Thermodynamic contributions of all
charmed baryons (top), all charged charmed baryons (middle) and all strange charmed baryons
(bottom) relative to that of corresponding charmed mesons.152 The dashed lines (PDG-HRG) are
predictions for an uncorrelated hadron gas using only the PDG states31 . The solid lines (QM-
HRG) are similar HRG predictions including also the states predicted by the quark model.204,205
The dotted lines (QM-HRG-3) are the same QM predictions, but only including states having
masses less than 3 GeV.
The right hand panel of Fig. 25 shows ratios of generalized susceptibilities that
are constructed such that in a gas of uncorrelated hadrons the numerator would
correspond to the partial pressure of baryons with quantum numbers selected by
the other indices, while the denominator would correspond to the partial pressure of
corresponding mesons. E.g. χBC13 will give the partial pressure of charmed baryons
and χC4 − χBC13 filters out the corresponding partial pressure of charmed mesons.
The ratios χBC13 /(χ
C
4 − χBC13 ), χBQC112 /(χQC13 − χBQC112 ) and −χBSC112 /(χSC13 − χBSC112 )
thus correspond to ratios of partial pressures arising from charmed baryons to that
from open charm mesons, charged-charmed baryons to open charm charged mesons
and strange-charmed baryons to strange-charmed mesons, respectively. As can be
seen in Fig. 25 (right) results for these ratios at low temperatures are well described
by a hadron gas that uses open charm resonances obtained in quark model calcu-
lations (QM-HRG) while, not surprisingly, it differs strongly from a simple hadron
resonance gas based only on the very few experimentally known charmed hadrons
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(PDG-HRG). This observation is similar to that made for strange hadron fluctu-
ations in Section 5 (right panel of Fig. 18). These observations clearly provide
evidence for contributions from experimentally yet unobserved charmed/strange
hadrons to charm and strangeness fluctuations in the vicinity of the crossover tran-
sition temperature. In additions, the agreement between lattice QCD data and QM-
HRG model calculations below Tc and the onset of deviations just in the transition
region also suggests that open charm hadrons start to dissociate in the crossover
region. This conclusion is consistent with that drawn from the temperature depen-
dence of the ratio in the left hand panel of Fig. 25, which has the advantage of being
independent of details of the charmed hadron spectrum.
7.2. Heavy Quarkonia
Inside the QGP the interaction between a heavy quark anti-quark pair gets weak-
ened due to the screening effects of the intervening deconfined colored medium.
This telltale signature of the presence of a color deconfined medium is expected to
be manifested through melting of heavy quarkonium states,18 i.e. bound states of
a quark anti-quark pair. Melting of heavy quarkonium states in the QGP is also
expected to follow a distinctive sequential pattern with the smallest, most tightly
bound quarkonium state surviving up to the highest temperature, effectively serv-
ing as a ‘thermometer’ to probe the temperature of the medium created at RHIC
(for a recent review see Ref. 206). Since quarkonia do not carry flavor quantum
numbers, unlike the open heavy flavor hadrons, their melting cannot be accessed
in lattice QCD calculations through quantum number correlation based studies as
discussed in Section 7.1. Currently, at least three approaches are being actively
pursued to study thermal modifications of heavy quarkonia on the lattice. The
first approach is to use potential models with heavy quark potentials computed on
the lattice. The second approach relies on the extraction of quarkonium spectral
functions from Euclidean temporal correlators. The third approach involves spa-
tial correlation functions of quarkonia and the study of their in-medium screening
properties. Here, we summarize the recent progresses and developments concerning
these three approaches. More details about earlier lattice results can also be found
in Refs. 206–208.
7.2.1. Heavy quark potential
Properties of heavy quarkonia in the vacuum have been successfully described by the
potential model approach. In this approach, the interaction between a heavy quark
pair forming the quarkonium is described by an instantaneous potential.209,210 Due
to its success at zero temperature, the potential model approach has also been ap-
plied at nonzero temperature, by making the potential between the heavy quarks
temperature dependent.211 The temperature dependent potentials used in these
calculations are based either on model calculations or on finite temperature lattice
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QCD results for the free energy and the internal energy. However, justification
for the use of these potentials in a Schro¨dinger equation is mostly based on phe-
nomenological arguments and has no rigorous connections to the real-time evolution
of heavy quarkonia described by the Schro¨dinger equation.
Recently, a non-relativistic effective theory approach at nonzero temperature,
relying on a particular hierarchy of the relevant scales, has been developed.212–214
Generally by integrating out the hard energy scale, i.e. the rest mass of the heavy
quark m, Non-Relativistic QCD (NRQCD) effective theory215,216 is obtained, and
by further integrating out the soft scale, i.e. the typical momentum exchange be-
tween the bounded quarks of O(mv), so-called potential non-relativistic QCD (pN-
RQCD), is obtained.217 In pNRQCD a heavy quark bound state can be described
by a two-point function satisfying a Schro¨dinger equation,212–214
i∂tD
>
NR(t, ~r) =
(
− 1
m
∇2r + V (t, r)
)
D>NR(t, ~r), (65)
where D>NR(t, ~r) is the real-time forward heavy quark pair correlation function in
the non-relativistic limit. The potential V (t, r) in such a Schro¨dinger equation is
well defined and turns out to be complex valued.212–214 Its real part reflects color
Debye screening effects while the imaginary part is related to Landau-damping, i.e.
the scattering of quarks with the constituents of the medium and the absorption
of gluons from the medium via singlet-octet transition.214 It has been shown in
Ref. 218 that in the limit m → ∞ the leading part of the potential V (t, r) can be
obtained as
V (r) = lim
t→∞
i∂tW (t, r)
W (t, r)
, (66)
where W (t, r) is the real-time thermal Wilson loop. Through a Fourier transforma-
tion one obtains,
W (t, r) =
∫ +∞
−∞
dω ρ(ω, r) e−iωt , (67)
where ρ(ω, r) is the spectral function of the real-time Wilson loop. The above
equation can be analytically continued to the Euclidean time, giving
W (τ, r) =
∫ +∞
−∞
dω ρ(ω, r) e−ωτ . (68)
In Eq. 68 the Wilson loop, W (τ, r) is the usual Euclidean-time Wilson loop which
can be obtained from lattice QCD calculations. As if there exists a well defined
lowest lying peak structure in the spectral function ρ(ω, r) it would dominate the
dynamics in the Wilson loop in the late time limit thus giving to the complete
information of the heavy quark potential as shown in Eq. 66. However, as argued in
Ref. 219 the late time dynamics is not completely separated from the early time non-
potential physics and to take these effects into account a skewed Lorentzian function
including the early time contribution for ρ(ω, r) is required to fit the Wilson loop.
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Fig. 26. Real (left) and imaginary (right) parts of the heavy quark potential calculated in
quenched lattice QCD.221 Values are shifted for better visibility. Gray circles denote color singlet
free energies and solid lines are leading order hard thermal loop results.
The position and width of this skewed Lorentzian peak are connected to the real and
the imaginary parts of the potential, respectively. Thus, by extracting the spectral
function, ρ(ω, r), from the Euclidean-time Wilson looph, W (τ, r), obtained from
lattice QCD calculations and by subsequently fitting this ρ(ω, r) with a skewed
Lorentzian ansatz the real and the imaginary part of the heavy quark potential,
V (r), can be obtained.
This procedure has been tested using the Wilson loop calculated using hard
thermal loop perturbation theory220 as well as for the pure gauge theory.221 Fig. 26
shows the real (left) and imaginary (right) parts of the heavy quark potential in the
pure gluonic medium.221 The real part of the heavy quark potential turns out to be
close to the heavy quark singlet free energy, defined through the spatial correlation
function of the Polyakov loop and its conjugate,222 at all temperatures. At high
temperatures the imaginary part of the heavy quark potential is close to the leading
order hard thermal loop result, but at low temperatures it lies below hard thermal
loop result.
Using the same procedure the real part of the heavy quark potential has also been
extracted in (2+1)-flavor QCD221 on lattices with temporal extent of only Nτ = 12.
Of course, on such small lattices it is hardly possible to extract reliable information
on the imaginary part of the heavy quark potential. Nonetheless, similar to the
quenched limit result the real part of the heavy quark potential is found to be close to
the singlet free energies. However, string breaking is not observed at T < Tc ≈ 174
MeV up to ∼ 1.2 fm. This could be due to the large pion mass (mpi ≈ 300 MeV)
employed in this exploratory QCD calculation.
The heavy quark potential has also been extracted from the Wilson line correla-
tion function calculated on 483 × 12 lattices at T = 250 MeV and 305 MeV using a
fit ansatz motivated by hard thermal loop calculations.223 These calculations used
hAs illustrated in Ref. 220 in order to avoid the cusp divergence and the large noise to signal ratio
in computations of Wilson loops, some other observables, e.g. Wilson line correlation functions
defined in the Coulomb gauge, can be a substitution and are actually used in lattice calculations.
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HISQ action with quark masses that would correspond to mpi ≈ 160 MeV in the
continuum limit. In this calculation the real part of the potential was found to
be equal or larger than the singlet free energies at these two temperatures and it
always was smaller than the zero temperature potential. Moreover, the imaginary
part is found to be of similar size as predicted by leading order hard thermal loop
perturbation theory.223
7.2.2. Spectral functions of quarkonia
The spectral function of quarkonium can be extracted from lattice QCD calculations
of the two-point correlation functions of the heavy quark currents in the Euclidean
time
G(τ, T ) =
∫
d3~x
〈(
q¯(τ, ~x) Γ q(τ, ~x)
)(
q¯(0,~0) Γ q(0,~0)
)†〉
, (69)
where q represents the heavy quark field. Γ are Dirac matrices defining the spin
structure of quarkonium, in particular Γ = 1, γ5, γµ, γ5γµ corresponds to the scalar,
pseudo-scalar, vector and axial-vector quarkonium states, respectively. Signatures
of medium modification and melting of quarkonium are reflected in the structure of
the spectral density ρ(ω, T ). It can be obtained from the quarkonium correlator in
the Euclidean-time
G(τ, T ) =
∫ ∞
0
dω
2pi
ρ(ω, T )
cosh (ω (τ − 1/2T ))
sinh (ω/2T )
. (70)
While ρ(ω, T ) is a continuous function of the frequency ω over an infinite range,
G(τ, T ) is calculable on the lattice only at a finite number of discrete points along
the temporal direction due to the finiteness of the lattice. As has been discussed in
Section 6 inverting Eq. 70 to get spectral function ρ(ω, T ) from the correlation func-
tion G(τ, T ) is a typical ill-posed problem and a suitable inversion method is needed
to solve the problem. The commonly used inversion methods for the extractions of
quarkonium spectral functions is the Maximum Entropy Method (MEM).153 Vari-
ants of this have recently been suggested which include a modified MEM with an
extended search space224,225 and a Bayesian method which is analogous to MEM
but uses a different prior distribution.226
The charmonium spectral functions at finite temperature have been studied
extensively for quenched lattice QCD.228–232 Recently quenched lattice QCD calcu-
lations227 have been performed using lattices with large temporal extents, leading
to quite reliable extractions of the charmonium spectral functions. Fig. 27 illus-
trates the spectral functions of J/Ψ (left) and ηc (right) for various temperatures.
These studies suggest that all charmonium states are dissociated for T & 1.5Tc in a
gluonic plasma.227 Investigations on charmonium spectral functions in lattice QCD
calculations with dynamical quarks lead to consistent conclusions.233,234
Lattice QCD calculations for bottom quarks are technically challenging since
present computational limitations do not permit calculations with sufficiently fine
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Fig. 27. Temperature dependence of J/Ψ (left) and ηc (right) spectral functions obtained from
quenched lattice QCD calculations.227
lattice spacings that are much smaller than the inverse of the heavy bottom quark
mass. Large discretization errors arise from the large heavy-quark bare mass in
units of the lattice spacing, mba. Nonetheless, although it is computationally very
demanding relativistic bottomonium correlations functions have been computed re-
cently in quenched QCD using isotropic lattices with Nσ=192 and large temporal
extent,236 Nτ = 96 and 48 at the same value of the lattice spacing, a ' 0.01 fm,
i.e. mba ' 0.2. The temporal lattice sizes correspond to temperatures T = 0.7 Tc
and 1.4 Tc. In this calculation it has been found that at 1.4 Tc only the bottomo-
nium correlation function in the vector channel show significantly smaller thermal
modifications than the charmonium correlation function in the same channel.236
To circumvent the problem of large cut-off effects in calculations with bottom
quarks without performing calculations at extremely small lattice spacings, one
needs to adapt a lattice discretization scheme for heavy quarks that is capable
to describe heavy quark physics in some chosen kinematic regime also at mod-
erately small values of the cut-off. One such approach is Non-Relativistic QCD
(NRQCD)237,238 where the heavy quark mass is assumed to be much larger than
the inverse lattice spacing, but the momentum dependence of the heavy quark en-
ergy is included in the non-relativistic limit. NRQCD does not possess a proper
continuum limit because the radiative corrections to coefficients of the NRQCD La-
grangian diverge as mba→ 0. However, since the non-relativistic quark field is not
compactified along the Euclidean-time direction, the relation between Euclidean-
time quarkonium correlation functions and the corresponding spectral functions
becomes simpler,
G(τ, T ) =
∫ ∞
0
dω
2pi
ρ(ω, T ) e−ωτ , (71)
giving rise to a temperature independent integration kernel, exp(−ωτ). Moreover,
the transport peak is also absent in the NRQCD spectral function, which makes its
determination much easier.
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Fig. 28. Temperature dependence of spectral functions for the Υ (top) and χb1 states (bottom).
Results are obtained by using a lattice discretized form of NRQCD.235
Treating the bottom quark within the NRQCD framework the fate of bottomo-
nium states has been studied on anisotropic lattices using Nf = 2 and 2 + 1 of
improved Wilson quarks with mpi ≈ 400 MeV and mpi ≈ 500 MeV, respec-
tively.235,239–242 Fig. 28 shows the temperature dependence of the Υ (top) and
χb1 (bottom) spectral functions extracted using the MEM.
235 This indicates that
the S-wave ground state Υ survives up to 1.9 Tc while the P-wave ground state
χb1 melts just above Tc.
235 However, a recent lattice QCD study243 that uses a
different Bayesian method suggested in Ref. 226 for the extraction of the spectral
functions finds that the P-wave ground state χb1 may survive up to 1.6 Tc. This
analysis, however, has been performed on lattices with a rather small temporal
extents, Nτ = 12.
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7.2.3. Spatial correlation functions of quarkonia
Similarly as the temporal correlation functions spatial quarkonium correlation func-
tions are defined as the sum of heavy quark current-current correlation functions
instead over a ‘funny’ space of τ , x and y
G(z, T ) =
∫ 1/T
0
dτ
∫
dxdy
〈(
q¯(τ, ~x) Γ q(τ, ~x)
)(
q¯(0,~0) Γ q(0,~0)
)†〉
, (72)
are also related to the quarkonium spectral functions as follows
G(z, T ) =
∫ ∞
−∞
dpz
2pi
eipzz
∫ ∞
0
dω
2pi
ρ(ω, pz, T )
ω
. (73)
The spatial correlation functions, however, are sensitive also to the momentum de-
pendence of spectral functions which is reflected in an additional integration over
the momentum pz along the z-direction. Despite of its more complicated connec-
tion to the spectral function compared to that of temporal correlators (see Eq.
70), the spatial correlation function has some distinct advantages. Since the spa-
tial separation is not limited by the inverse temperature, the spatial correlation
function can be studied at separations larger than 1/T and thus is more sensitive
to in-medium modifications of quarkonia. Furthermore, in contrast to the tem-
poral correlation functions, the spatial correlation functions can be directly com-
pared to the corresponding vacuum correlation function to quantify modifications
of the in-medium spectral function as the entire temperature dependence of spa-
tial correlation functions emerges from the temperature dependence of the spectral
function (Eq. 73), while in the case of temporal correlation functions (Eq. 70) this
temperature dependence is folded with the temperature dependence of the kernel,
cosh (ω (τ − 1/2T )) / sinh (ω/2T ).
While the relation between spectral functions and spatial meson correlators is
more involved, in some limiting cases it becomes more intuitive. At large distances
the spatial correlation functions decay exponentially, G(z, T ) ∼ exp(−M(T )z),
characterized by the screening mass M . At low temperatures this exponential drop
of a mesonic correlator projecting on a given quantum number channel Γ is con-
trolled by the bound state with smallest mass in this channel. The spectral function
then is dominated by this state,
ρ(ω, pz, T ) ∼ δ(ω2 − p2z −m20), (74)
where M becomes equal to the pole mass m0 of the meson. At high temperatures,
when the mesonic excitations have completely dissolved and become uncorrelated,
the spatial meson correlation functions describe the propagation of a free quark
anti-quark pair and the screening mass is given by244
Mfree =
√
m2q1 + (piT )
2 +
√
m2q2 + (piT )
2, (75)
where mq1 and mq2 are the masses of the quark and anti-quark that form the meson.
This form of the screening mass in the non-interacting limit is a consequence of the
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Fig. 29. (Top) Temperature dependence of ratios of spatial correlation functions to those at zero
temperature for D∗s (top left) and J/Ψ (top right).245 (Bottom) Temperature dependence of
screening masses of ground state sc¯ mesons (left) D∗s1 (1
+), D∗s0 (0
+), D∗s (1−) and Ds (0−)
and ground state charmonia (right) χc1 (1
++), χc0 (0
++), J/Ψ (1−−) and ηc (0−+).245 The
horizontal solid lines denote the corresponding zero-temperature meson masses and the dashed
line depicts the non-interacting theory limit of a freely propagating quark anti-quark pair. The
yellow band denotes the chiral crossover temperature region, i.e. Tc = 154± 9 MeV.
fermionic (anti-periodic) boundary condition along the Euclidean-time direction,
which leads to the appearance of a smallest non-zero Matsubara frequency, piT , in
the quark and anti-quark propagators. As the bosonic meson state is dissolved in
the non-interacting limit the screening mass reflects two independently propagating
fermionic degrees of freedom. Thus, the transition between these two limiting values
for the screening mass can be used as an indicator for the thermal modification and
eventual dissociation of charmonia and open charm mesons.
A first analysis of spatial correlation functions of charmonia was performed
using staggered fermions with the p4 action.246 Recently, a detailed comparative
study of the spatial correlation functions of charmonia and open charm mesons was
performed using the HISQ action.245 Fig. 29 shows ratios of the spatial correlation
functions for the D∗s (top left) and the J/Ψ (top right) at different temperatures
to the corresponding zero temperature results. As discussed before, such a ratio
can directly probe the thermal modifications of the spectral functions. If there is
no change in the meson spectral functions, these ratios will be equal to unity and
deviations from unity will indicate in-medium modification of the meson spectral
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functions at non-zero temperature. As can be seen, even for T ∼ Tc ≈ 154 MeV
the ratio for the open charm sector (Fig. 29 (top left)) shows significant deviation
from unity. This is completely consistent with the previously discussed quantum
number correlation based studies in Section 7.1 which concluded that open charm
mesons start to melt in the vicinity of Tc.
152 On the other hand, for the charmonia
the ratio of non-zero to zero temperature correlation functions remains very close
to unity for T . 170 MeV and significant deviations, comparable to the open
charm sector at T ∼ Tc, only show up for T & 200 MeV (Fig. 29 (top right)).
This indicates that up to T ' 1.1 Tc J/Ψ exists almost like a vacuum state and
significant thermal modifications appears only for T & 1.3Tc. The same physics
is also reflected in temperature dependence of the screening masses of open charm
mesons and charmonia as shown in Fig. 29 (bottom). The screening masses of all
open charm mesons (bottom left) start to deviate from unity significantly already
in the chiral crossover region. The J/Ψ and ηc screening masses (bottom right),
however, remain to be almost identical to their vacuum pole masses up to T '
1.1 Tc. The screening masses for χc0 and χc1 deviate from their vacuum masses
even below Tc indicating significant thermal modifications of these states. At higher
temperatures, i.e. T & 2 Tc the screening masses in all channels increase linearly
with temperature. This rise agrees well with that of a freely propagating quark
anti-quark pair.
8. QCD in external magnetic fields
In recent past it has been realized that large magnetic fields created during the early
stages of heavy-ion collisions may give rise to fascinating observable effects induced
through the coupling between the magnetic field and the chiral anomaly.20,21 This
observation also motivated a plethora of activities including lattice QCD studies of
hot-dense strong-interaction matter under the influence of external magnetic fields.
This section presents a very brief summary of these lattice QCD studies. More
comprehensive reviews on this topic can be found in Refs. 247–250.
An external magnetic field along the z-direction, ~B = Bzˆ, can be induced
by choosing electro-magnetic gauge fields: Ayˆ = Bx and Axˆ = Azˆ = Aτˆ = 0.
On the lattice this can be implemented simply by multiplying the SU(3) gauge
field variables Un,µˆ with the corresponding U(1) phase factors: un,yˆ = e
ia2qBnx
and un,xˆ = un,zˆ = un,τˆ = 1. Here, q is the (electric) charge of a quark
and n = (nx, ny, nz, nτ ) denotes a lattice site, with nx,y,z = 1 . . . Nσ and
nτ = 1 . . . Nτ . This choice ensures that the magnetic flux, a
2B, is constant through
all the plaquettes in the x-y plane, except at the boundary (Nσ, ny, nz, nτ ) owing
to the periodic boundary condition on the gauge fields along the spatial directions.
Thus, to preserve the smoothness of the external magnetic field across the bound-
ary and the gauge invariance of the fermion action the U(1) factor on the boundary
links must be modified: u(Nσ,ny,nz,nτ ),xˆ = e
−ia2qNσBny . By making such a choice
one pays the price that the magnetic flux becomes quantized, a2B = 2pinB/(qN
2
σ)
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Fig. 30. (Left) The QCD crossover temperature as a function of the magnetic field obtained from
the inflection point of the quark condensate (red band) and strange quark susceptibility (blue
band).253 (Right) The magnetic susceptibility χB , i.e. the correction to the pressure proportional
to quadratic power of the magnetic field, as a function of temperature.258
with nB = 0 . . . N
2
σ . Thus, at a given temperature T and on a finite volume there
is a minimal value for the constant, external magnetic field B = 2piT 2N2τ /(qN
2
σ).
On the other hand, for given temporal extent, Nτ , of the lattice the maximal value
of the magnetic field achieved in this case is B = 2piT 2N2τ /q. Most importantly,
since the external magnetic field is induced by multiplying the SU(3) gauge field
variables with purely imaginary phase factors the fermion determinant remains real
and positive, allowing direct Monte-Carlo sampling.
The QCD crossover transition in an external magnetic field has been extensively
studied using lattice QCD. In contrast to the earlier effective model based predic-
tions and the results of first lattice QCD calculations251,252 using unimproved stag-
gered fermions with heavy pion masses, the QCD crossover temperature Tc turns
out to decease with increasing magnetic field.253–255 Fig. 30 (left) illustrates the
decrease of Tc as function of the magnetic field.
253 The reduction of Tc follows from
the reduction of the chiral condensate with increasing B, a phenomenon known
as the inverse magnetic catalysis, for the relevant intermediate temperature range.
However, for low as well as high enough temperatures the chiral condensate shows
the expected magnetic catalysis, i.e. an increase with increasing B.255–257
The response of the hot strong-interaction matter to an external magnetic field
has also been investigated through lattice QCD calculations of the magnetic suscep-
tibility. The magnetic susceptibility is the second derivative of the QCD partition
function with respect to the external magnetic field B and, thus, gives the order B2
corrections to the pressure. Since the standard approach leads to discrete, quantized
values for B on the lattice, unlike for the susceptibilities of the chemical potentials,
taking direct derivatives of the QCD partition function with respect to B is not
straightforward. Lattice calculations of the magnetic susceptibility have been per-
formed using three different approaches: (i) by computing the free energy difference
THERMODYNAMICS OF STRONG-INTERACTION MATTER FROM LATTICE QCD 57
through an integration over the varying magnetic field;259,260,260 (ii) through com-
putations of the magnetization via pressure anisotropies parallel and orthogonal to
the direction of the magnetic field;261,262 (iii) by adopting a non-uniform external
field such that the net magnetic flux across the x-y plane of the whole lattice is zero,
resulting in a non-quantized magnetic field and allowing for a direct computation of
the derivatives of the partition function with respect to B.263 As shown in Fig. 30
(right), all these different approaches produce more or less consistent results. The
QGP phase turns out to be paramagnetic. However, for low enough temperatures
QCD is weakly diamagnetic, in accordance with the hadron resonance gas model.264
These results also suggests that for T . 300 MeV the order B2 magnetic contribu-
tion to the QCD pressure is at best a few percent for a magnetic field of the order
of 1015 T, which is relevant for heavy-ion collision experiments.21
Lattice QCD studies have also been carried out to investigate the chiral magnetic
effect,21 namely the phenomenon of (electric) charge separation along the direction
of the magnetic field in presence of chiral anomaly induced topological fluctuations.
Various different avenues have been pursued by studying: (i) charge fluctuations on
given topological background;265 (ii) enhanced fluctuations of the electric current
along the magnetic field,266 (iii) dependence of the electric current on a given axial
chemical potential,266 (iv) correlations of the electric polarization and the topolog-
ical charge.267 In all cases, the chiral magnetic effect has been observed, however,
in a suppressed magnitude compared to the model based expectations. Obviously,
in lattice QCD studies of the chiral magnetic effect, which is closely related to the
chiral anomaly of QCD, it would be of great interest to have lattice QCD calcu-
lations perfomed with a chiral fermion formulation. Fully dynamical calculations
with DWF or overlap fermions at present do not yet exist.
9. Summary
In this review we have discussed selected topics in finite temperature QCD that
have a direct link to the ongoing experimental study of the phase diagram of strong-
interaction matter and the properties of matter formed in heavy ion collisions. We
naturally focused on topics to which lattice QCD calculations can contribute and
have lead or may lead to definite, quantitative answers in the future.
Lattice QCD calculations at finite temperature started more than 30 years ago
with simulations of pure SU(N) gauge theories on computers that delivered less
than one Mega-Flop/s peak-performance. Nowadays these calculations are per-
formed with dynamical quarks and the correct mass spectrum of QCD on comput-
ers that reach a peak-performance of more than ten Peta-Flop/s. The field thus
could utilize computing resources with a peak-performance that increased by more
than ten orders of magnitude, or doubled the speed almost every year. Although we
know quite well from the physics of the hadron gas that an exponential rise cannot
continue for ever, we still do not seem to have reached the critical point and we may
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also in the future expect to gain further inside into the physics of strong-interaction
matter through numerical lattice QCD calculations.
During the last years lattice QCD calculations have accomplished two long-
standing goals: (i) the pseudo-critical temperature of strong-interaction matter
with physical light and strange quark masses has been determined at vanishing
net-baryon number, Tc = (154 ± 9) MeV, and (ii) the equation of state has been
calculated in a wide temperature range. It now is frequently used in the hydrody-
namic modeling of heavy ion collisions. The extension of these results to non-zero
chemical potential is well controlled at least in leading order Taylor expansion of
the pressure in terms of baryon, electric charge and strangeness chemical poten-
tials and we will soon have results for bulk thermodynamics in a range of baryon
chemical potentials µB/T<∼3, which will cover most of the parameter space that
can be explored in heavy ion experiments at RHIC and the LHC. These Taylor ex-
pansions also provide specific information on fluctuations of and correlations among
conserved charges. Lattice QCD calculations of these observables have reached a
stage where guidance can be provided to the experimental search for the critical end
point and, with some care, a comparison between experimental results for measured
proton number, strangeness and, in particular, electric charge fluctuations on the
one hand and lattice QCD calculations on the other hand starts to become possible.
A major focus in the ongoing experimental heavy ion program is to explore in
detail the properties of matter formed in heavy ion collisions. The analysis of trans-
port coefficients, thermal masses and screening lengths does play an important role
in this effort. Lattice QCD calculations of these quantities are possible, although in
many cases they are complicated as an analytic continuation from Euclidean time
to Minkowski time is needed. For this reason most of the existing calculations have
been performed in the quenched approximation where fermionic degrees of freedom
are taken into account only as valence quarks and the influence of virtual quark loops
on the gluonic background is neglected. Still these calculations prepare the ground
for future fully dynamical calculations of transport properties of strong-interaction
matter, for which in some cases exploratory work has already started.
There remain many obvious, open questions in the study of the phase diagram
of strong-interaction matter and the properties of the strongly interacting medium
created in heavy ion collisions which can be addressed in future lattice QCD cal-
culations and which will profit from future increasing computing resources as well
as algorithmic advances. Calculations at non-zero baryon number density and the
search for the critical point, the calculation of transport properties with fully dy-
namical, light quarks as well as calculations of thermodynamic quantities using chi-
ral fermion discretization schemes are among the most demanding problems which
hopefully can be addressed in the coming years with improved techniques and re-
sources.
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